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1. Introduction
Cosmological topologically massive gravity [1] (CTMG) is a 3-dimensional theory of
gravity that exhibits gravitons [2, 3] and black holes [4]. Its action is given by
SCTMG = − 1
κ2
SEH − 1
κ2
SCS (1.1)
The Einstein–Hilbert action with negative cosmological constant Λ = −1/ℓ2
SEH =
∫
d3y
√−g
[
R +
2
ℓ2
]
(1.2)
is supplemented by the Chern–Simons action for the Christoffel-connection
SCS =
1
2µ
∫
d3y ǫλµνΓρσλ
[
∂µΓ
σ
ρν +
2
3
ΓσκµΓ
κ
σν
]
(1.3)
If the coupling constant µ and the AdS radius ℓ satisfy the condition
µℓ = 1 (1.4)
the theory is called “CTMG at the chiral point” (CCTMG). The condition (1.4) is
special because one of the central charges of the asymptotic isometry group vanishes,
cL = 0, cR 6= 0 [5].
This observation together with the fact that CTMG supports asymptotically
AdS solutions was the motivation for Li, Song and Strominger to consider CTMG at
the chiral point, dubbed “chiral gravity” [6]. They conjectured that CTMG at the
chiral point is dual to a chiral CFT. However, there are examples of CFTs that have
vanishing left-moving central charge without being chiral, namely logarithmic CFTs
(LCFTs), see [7–9] and references therein. The defining property of a LCFT is that
the Virasoro generator L0 is not diagonalizable. For instance,
L0
(
ψlog
ψL
)
=
(
2 1
2
0 2
)(
ψlog
ψL
)
(1.5)
In the parlance of LCFT literature the mode ψlog is the logarithmic partner of the
mode ψL. Interestingly, precisely the form (1.5) was found for CTMG at the chiral
point [10]. The mode ψL is the left-moving boundary graviton and its logarithmic
partner ψlog is essentially the bulk graviton, a propagating spin-2 excitation that is
present for all (finite) values of µ and ℓ [11–13]. Moreover, it was shown that ψlog is
compatible with asymptotic AdS behavior [10]. This was confirmed independently
in [14–17]. For additional recent literature on CTMG cf. e.g. [18–60].
Given that (1.5) is realized in CCTMG, it appears that the dual CFT is not
chiral but logarithmic [10], although a chiral CFT might be obtained as a consistent
truncation [16]. So far no good gravity duals for LCFTs are known, see [61–65]. If
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an AdS3/LCFT2 dictionary could be established, we can use CCTMG as a gravity
dual for certain (strongly coupled) LCFTs, with potential applications in condensed
matter physics where LCFTs are applied. It is thus of importance to provide further
evidence for the proposal1 [10] that the CFT dual to CCTMG, if it exists, is a LCFT.
The LCFT conjecture can be tested as follows: calculate correlators on the grav-
ity side, relate them by the purported AdS3/LCFT2 correspondence to correlators
on the CFT side and check if these correlators really have the properties as required
by a LCFT. Conformal symmetry poses particularly stringent constraints on 2- and
3-point correlators [66], so if the conjecture is true then these correlators must have
an essentially unique form in CCTMG. On the other hand, if the conjecture is wrong
then it is suggestive that some of the stringent LCFT constraints may be violated
already at the level of 2- or 3-point correlators. The calculation of 2- and 3-point
correlators on the gravity side is thus a major step towards establishing the LCFT
conjecture. Such a check was carried out recently by Skenderis, Taylor and van
Rees [17] for 2-point correlators. They found perfect agreement with the LCFT 2-
point correlators, which supports the conjecture that CTMG at the chiral point is
dual to a LCFT.
In this paper we provide the basis for the calculation of arbitrary correlators
on the gravity side. In particular, we construct all regular non-normalizable left,
right and logarithmic modes in global coordinates in terms of elementary functions
and show how these modes are organized in SL(2,R) representations. We then plug
these modes into the second and third variation of the action to calculate 2- and 3-
point correlators. We find perfect agreement with the behavior expected from LCFT
correlators. Thus, we corroborate the conjecture that CCTMG is dual to a LCFT.
This paper is organized as follows: In section 2 we calculate the first three
variations of the action (1.1). In section 3 we discuss generic solutions of the linearized
equations of motion, find all regular non-normalizable left, right and logarithmic
modes in global coordinates, and discuss their properties. In section 4 we calculate on
the gravity side 2- and 3-point correlators in CCTMG. We conclude with a discussion
in section 5, where we address the status of CCTMG as a possible gravity dual to
LCFTs and as a tentative toy model for quantum gravity. We mention also spin-offs
and generalizations of our calculations.
Before starting we mention some of our conventions, which coincide with the
conventions used in [10]. Our signature is (−,+,+). The overall sign in front of the
CTMG action (1.1) is irrelevant in the present work, but for sake of completeness we
mention that we have chosen it such that black hole solutions have positive energy
and graviton excitations negative energy [6]. In three dimensions the Riemann tensor
is determined uniquely from the Ricci tensor Rµν = R
σ
µσν as follows: Rσρµν =(
Rσµgρν +Rρνgσµ −Rσνgρµ −Rρµgσν
)− 1
2
R
(
gσµgρν − gσνgρµ
)
. The sign of the Ricci
1This possibility was pointed out first by John McGreevy during a talk by Andy Strominger at
MIT in May 2008, four days before the posting of Ref. [10].
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tensor is defined by Rµν = ∂σΓ
σ
µν + . . . The Levi-Civita symbol is denoted by ǫ
αβγ
(its sign is fixed by ǫτφρ = +1), and the Levi-Civita tensor by εαβγ = ǫαβγ/
√−g.
Our gravitational coupling constant κ is related to Newton’s constant GN by κ
2 =
16π GN .
2. Perturbative expansion of the action
In this section we calculate the first three variations of the CTMG action (1.1). To
fix our remaining notations we briefly review the first variation of the CTMG action
(1.1), modulo boundary terms, which will be taken into account in due course:
δSCCTMG = − 1
κ2
∫
d3y
√−g δgµν
[
Gµν +
1
µ
Cµν
]
(2.1)
Setting δSCCTMG = 0 leads to the equations of motion (EOM)
Gµν +
1
µ
Cµν = 0 (2.2)
Here Gµν is the modified Einstein tensor
Gµν = Rµν − 1
2
gµνR− 1
ℓ2
gµν (2.3)
and Cµν is the Cotton tensor
Cµν = εµ
κσ∇κ
(
Rσν − 1
4
gσνR
)
(2.4)
We are interested in the second and third variation of the action with respect to
metric variations of the form
δgµν = hµν δg
µν = −hµν (2.5)
Indices of h are raised and lowered with the background metric g. In addition to the
second variation of the metric
δ(2)gµν = 0 δ
(2)gµν = −δhµν = 2hµαhαν (2.6)
we are going to need the variation of various geometric quantities, which we col-
lect in the following. The variation of the volume element is given by 2 δ
√−g =√−g gµνhµν = √−g gµνhµν . The variations of the Riemann tensor
δRαµβν = ∇βδΓαµν −∇νδΓαβµ (2.7)
and the Ricci tensor δRµν = δR
α
µαν are determined from the variation of the
Christoffel connection. It is useful to have a formula valid for arbitrary variations of
the Christoffel connection:
δ(n)Γρσλ =
n
2
(∇σhλκ +∇λhσκ −∇κhσλ) δ(n−1)gρκ (2.8)
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The variation of the Cotton tensor density is given by
δ
(√−g Cµν) = √−g (δgµλCλν)−gµλ ǫλσκ(δ(∇κRσν)−1
4
(δgσν∂κR+gσν∂κ δR)
)
(2.9)
For our purposes we are going to need only the first and second variation of various
quantities, including the second variation of the Ricci tensor
δ(2)Rµν = ∇αδ(2)Γαµν −∇µδ(2)Γανα + 2δΓκµν δΓλκλ − 2δΓκλµ δΓλκν (2.10)
and of the Cotton tensor density
δ(2)
(√−g Cµν) = 2 δgµλ δ(√−g Cλν)− gµλ ǫλσκ δ(2)(∇κRσν)+ 1
4
Ξµν (2.11)
where Ξµν = 2gµλ ǫ
λσκ δgσν ∂κ δR+ gµλgνσ ǫ
λσκ ∂κ δ
(2)R. In the formula for the second
variation of the Cotton tensor density (2.11) we have separated two contributions in
the tensor Ξµν , because they vanish either after contraction with a symmetric tensor
like δgµν or due to background and gauge fixing identities. We describe now these
identities in detail.
2.1 Post-variational identities
The identities above are valid generically in three dimensions. Now we consider
identities that can be used only after performing all variations.
The first set of such identities comes from assuming that the background metric
is pure AdS
ds2 = gµν dx
µ dxν = ℓ2
(
dρ2 − 1
4
cosh2ρ (du+ dv)2 +
1
4
sinh2ρ (du− dv)2) (2.12)
and therefore maximally symmetric.
R = − 6
ℓ2
Rµν = − 2
ℓ2
gµν Cµν = 0 (2.13)
The second set of identities comes from assuming that the linear fluctuations obey
the transverse-traceless gauge conditions [6, 67, 68]:
hµνg
µν = 0 ∇µhµν = 0 (2.14)
Both sets together imply further useful identities, which we collect here:
hµνRµν = 0 g
µνδRµν = 0 δR = 0 δΓ
α
να = 0 δ
√−g = 0 (2.15)
The second derivative of the metric variation simplifies to
∇κ∇σhκλ = [∇κ,∇σ] hκλ = −
3
ℓ2
hσλ (2.16)
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The variations of the Ricci tensor δRµν = ∇αδΓαµν = −12
(∇2hµν+ 6ℓ2 hµν) and of the
modified Einstein tensor
δGµν = −1
2
(∇2hµν + 2
ℓ2
hµν
)
(2.17)
also simplify considerably. The second variation of the modified Einstein tensor
contracted with the fluctuation hµν simplifies to
hµν δ(2)Gµν = h
µν δ(2)Rµν = h
µν∇α δ(2)Γαµν − hµν∇µ δ(2)Γανα − 2hµν δΓκλµ δΓλκν
(2.18)
Finally, the variation of the Riemann tensor can be expressed in terms of variations
of the Einstein tensor and the metric.
δRσρµν = δGσµ gρν + δGρν gσµ − δGσν gρµ − δGρµ gσν
− 1
ℓ2
(
δgσµ gρν + δgρν gσµ − δgσν gρµ − δgρµ gσν
)
(2.19)
2.2 Second variation of the action
It is convenient for later applications to denote the two variations of the metric by
δgµν and by hµν , respectively. For our purposes we can neglect terms that vanish on
the background. The second variation of the action
δ(2)SCCTMG = − 1
κ2
∫
d3y
√−g δgµν
[
δGµν(h) +
1
µ
δCµν(h)
]
=
1
κ2
∫
d3y δL(2) (2.20)
leads to the linearized EOM for the fluctuations hµν in the gauge (2.14)
δGµν(h) +
1
µ
δCµν(h) = −1
2
(∇2 + 2
ℓ2
)(
hµν +
1
µ
εµ
αβ∇αhβν
)
= 0 (2.21)
Defining the mutually commuting first order operators
(DM)β
µ
= δβµ +
1
µ
εµ
αβ∇α
(DL/R)β
µ
= δβµ ± ℓ εµαβ∇α (2.22)
the linearized EOM can be reformulated as [6]
(DM δG(h))µν = (DMDLDRh)µν = 0 (2.23)
Here we have taken advantage of the identities δGµν(h)+
1
µ
δCµν(h) = (DM δG(h))µν
and
2ℓ2 δGµν(h) = (DLDRh)µν (2.24)
A mode annihilated by DM (DL) [DR] is called massive (left-moving) [right-moving]
and is denoted by ψM (ψL) [ψR].
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2.3 Third variation of the action
In analogy with section 2.2 we parameterize the third variation in terms of three
independent fields δg, h and k. The third variation of the action is then given by
δ(3)SCCTMG = − 1
κ2
∫
d3y
√−g δgµν
[
δ(2)Rµν(h, k) +
1
µ
δ(2)Cµν(h, k)
]
(2.25)
where we have used (2.18). In (2.25) and all formulas below we always assume
that the metric is given by the AdS background (2.12), all fluctuations around it
are transverse-traceless (2.14), and solve the linearized EOM (2.21). Therefore, we
exploit all the identities derived above to simplify expressions like the second variation
of the Cotton tensor density (2.11). The second variation of the Cotton tensor
δ(2)Cµν(h, k) = hµλ g
λσ δCσν(k) + kµλ g
λσ δCσν(h)− εµσκδ(2)
(∇κRσν)(h, k) (2.26)
can be re-expressed using the linearized EOM (2.21) and the second variation of the
Ricci-tensor (2.10):
δ(2)Cµν(h, k) = µ∆µν(h, k)− εµσκ∇κ δ(2)Rσν(h, k) (2.27)
with
∆µν(h, k) = − 1
2ℓ2
kσµ
(DLDRh)
σν
+
1
2µℓ2
εµ
σκ δΓακν(k)
(DLDRh)
σα
+ h↔ k (2.28)
We have exploited the identity (2.24) to bring ∆µν(h, k) into the form above. The
second variation of the Ricci tensor yields
δ(2)Rµν(h, k) = h
α
β δR
β
µνα(k)+
1
4
(
2∇λhκµ∇λkκν −2∇λhκµ∇κkλν +∇µhκλ∇νkλκ
)
+h↔ k
(2.29)
The definition (2.22) of the linear operator DM allows us to provide a convenient
re-formulation of the third variation of the action:
δ(3)SCCTMG(δg, h, k) = − 1
κ2
∫
d3y
√−g δgµν
[(DM δ(2)R(h, k))
µν
+∆µν(h, k)
]
=
1
κ2
∫
d3y δL(3) (2.30)
With the formula for the variation of the Riemann tensor (2.19) and the definitions
(2.22), (2.28) and (2.29) we obtain explicitly:
δL(3) = −δgµν
[(DM)
µ
β
(1
4
(2∇λhκβ∇λkκν − 2∇λhκβ∇κkλν +∇βhκλ∇νkλκ)−
1
ℓ2
hαβkαν
)
+
1
2µℓ2
εµ
σκ
(∇σ(kακ(DLDRh)αν)− δΓνκα(k)(DLDRh)ασ)+ h↔ k]√−g (2.31)
Our final result for the third variation of the action, (2.30) with (2.31), requires the
definitions (2.8), (2.22) but otherwise is explicit in the three variations δg, h and k.
If h and k are both linear combinations of only left- and right-moving modes the
ε-term in the second line of (2.31) vanishes.
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3. Linearized solutions
According to the standard AdS/CFT dictionary CFT correlators are obtained upon
insertion of non-normalizable solutions of the linearized EOM into variations of the
action [69]. We have considered the first three variations of the action in the previous
section. In this section we find all solutions to the linearized EOM (2.23). We start
by classifying them in section 3.1. We review normalizable modes, primaries and
their descendants in section 3.2. We then discuss the massive branch in section 3.3,
since the corresponding solutions encompass all other solutions as special (sometimes
singular) limits. We construct explicitly all regular non-normalizable left and right
modes in sections 3.4, and show how to obtain regular non-normalizable logarithmic
modes in section 3.5. We also unravel their algebraic properties. For simplicity we
set ℓ = 1 from now on.
3.1 Classification of linearized solutions
The linearized EOM (2.23) contain three mutually commuting first order operators
(2.22). If they are non-degenerate we can build the general solution from three
branches: massive, left and right branches, whose modes are annihilated, respectively,
by DM , DL, and DR. At the chiral point DM and DL degenerate with each other and
we obtain instead the following three branches: logarithmic, left and right, where the
logarithmic modes are annihilated by (DL)2 but not by DL.
For each branch the linearized solutions can be regular or singular at the origin
ρ = 0. A mode ψ is called singular if at least one of its components diverges at
ρ = 0; clearly, perturbation theory breaks down for such a solution near ρ = 0 since
the AdS background metric remains bounded at the origin, and thus the linearized
solution no longer is a small perturbation there. In the absence of point particles or
black holes the singular modes should be discarded for consistency. Of main interest
to us are therefore regular modes.
The asymptotic (large ρ) behavior allows us to classify modes ψ into normalizable
and non-normalizable ones. This classification is very simple in Gaussian normal
coordinates2 for the perturbed metric g¯ = g + ψ, where g is the background metric
(2.12) (
gµν + ψ
GNC
µν
)
dxµ dxν = dρ2 +
(
gij(x
k, ρ) + ψij(x
k, ρ)
)
dxi dxj (3.1)
For modes that allow a Fefferman–Graham expansion (all left and right modes)
ψij(x
k, ρ) = ψ
(0)
ij (x
k) e2ρ + ψ
(1)
ij (x
k)ρ+ ψ
(2)
ij (x
k) + . . . (3.2)
2Below we are not going to use Gaussian normal coordinates, but rather modes ψ in transverse-
traceless gauge. The associated coordinate transformations are very simple asymptotically. We are
not going to provide them explicitly. See appendix A for a summary of boundary conditions.
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normalizability means ψ
(0)
ij (x
k) = 0. The non-normalizable left and right modes have
a non-zero leading term in the Fefferman–Graham expansion (3.2), ψ
(0)
ij 6= 0. Ac-
cording to the AdS/CFT dictionary these non-normalizable modes act as sources for
the operators associated with the left- and right-moving boundary gravitons. Mas-
sive modes in general are not compatible with the expansion (3.2). The logarithmic
modes discovered in [10] are compatible with the Fefferman–Graham expansion (3.2)
with ψ
(0)
ij = 0 and thus they are normalizable. One of the goals of this section is
to find their non-normalizable counterparts, because they are needed for correlators
involving insertions of logarithmic modes [17].
3.2 Normalizable modes, primaries and descendants
Li, Song and Strominger exploited the SL(2,R)L × SL(2,R)R isometry algebra of
the AdS3 background (2.12) in their construction of normalizable regular primaries
for the massive, left and right branches. The normalizable modes are descendants
of primaries with respect to the isometry algebra. The properties of the isometry
algebra will also be useful for the non-normalizable modes constructed in section 3.4.
We summarize now briefly the relevant formulas.
The SL(2,R)L generators read [we recall that u = t + φ, v = t− φ, see (2.12)]
L0 = i∂u (3.3)
L+ = ie
−iu
(cosh 2ρ
sinh 2ρ
∂u − 1
sinh 2ρ
∂v +
i
2
∂ρ
)
(3.4)
L− = ie
iu
(cosh 2ρ
sinh 2ρ
∂u − 1
sinh 2ρ
∂v − i
2
∂ρ
)
(3.5)
with algebra [
L0, L±
]
= ±L± ,
[
L−, L+
]
= 2L0 (3.6)
and quadratic Casimir
L2 =
1
2
(
L−L+ + L+L−
)− L20 . (3.7)
The SL(2,R)R generators L¯0, L¯+, L¯− satisfy the same algebra and are given by
(3.3)-(3.5) with u↔ v and L↔ L¯. The equivalence
(DLDRψ)
µν
= 0 ↔ (L2 + L¯2 + 2)ψµν = 0 (3.8)
is useful to construct solutions of the linearized Einstein equations. Namely, for
primaries L−ψ0 = 0, L¯−ψ0 = 0 we can generate new solutions of the linearized
EOM by acting on ψ0 with the ladder operators L+, L¯+. It should be noted that
general solutions to the linearized EOM are not descendants of primaries. The latter
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correspond to modes that are regular and normalizable. Similar remarks apply to
the logarithmic modes. Starting from the equivalence3(
(DL)2(DR)2ψ)
µν
= 0 ↔ (L2 + L¯2 + 2)2ψµν = 0 (3.9)
all regular normalizable logarithmic modes can be written as descendants of the
logarithmic primary algebraically. We recall now in a bit more detail how this works.
Starting point is the separation Ansatz
ψµν(h, h¯) = e
−ihu−ih¯v

Fuu(ρ) Fuv(ρ) Fuρ(ρ)Fvv(ρ) Fvρ(ρ)
Fρρ(ρ)

 (3.10)
so that the modes ψ are Eigenvectors of L0 and L¯0:
L0ψ = hψ L¯0ψ = h¯ψ (3.11)
The Eigenvalues h, h¯ are the weights of the state ψ if it is a primary, and otherwise
they are sums of weights and levels. For sake of brevity we shall always refer to them
as “weights”, even when ψ is not a primary. Periodicity in the angular coordinate
requires that the difference of the weights, the angular momentum, is an integer. We
shall always assume that this is the case. If additionally the sum of the weights (and
therefore the weights) are integer then additionally periodicity in time is guaranteed.
We do not necessarily assume that this is the case.
We focus now on the regular normalizable left branch, DLψL = 0. For primaries,
L−ψ = 0 = L¯−ψ, it is then required that h = 2, h¯ = 0. The angular momentum
equals to 2 and the excitation is a (boundary) graviton. The corresponding primary
ψL is then given by
ψLµν(2, 0) =
e−2iu
cosh4ρ

 14 sinh
2(2ρ) 0 i
2
sinh (2ρ)
0 0 0
i
2
sinh (2ρ) 0 −1


µν
(3.12)
Descendants of the primary are obtained by acting on it repeatedly with L+ and/or
L¯+. For instance we have
ψLµν(2 + n, 0) =
(
(L+)
nψL(2, 0)
)
µν
∝ e−inu tanhnρψLµν(2, 0) (3.13)
The action of L¯+ on the left primary is more complicated. For later purposes we note
that the vµ-components vanish for the primary (3.12) and consequently the first L¯+
descendant has a vanishing vv-component, but all further descendants have ψLvv 6= 0:
ψLvv(h, 0) = ψ
L
vv(h, 1) = 0 ψ
L
vv(h, h¯) 6= 0 if h¯ ≥ 2 (3.14)
3The linearized equation in (3.9) contains not only linearized solutions of CCTMG, but also
linearized solutions of New Massive Gravity at a chiral point [70]. However, for the same reason
that left and right modes do not mix, the logarithmic modes do not mix: CCTMG solutions always
generate other CCTMG solutions when acting on them with ladder operators L±, L¯±.
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The right modes are obtained from the left modes by exchanging u ↔ v and
h ↔ h¯. We do not address them separately. Both the left and the right modes are
pure gauge in the bulk and therefore do not constitute a local physical degree of
freedom. The only physical bulk degree of freedom comes therefore from the massive
or the logarithmic branch. The massive modes will be discussed extensively in section
3.3 below.
The regular normalizable logarithmic modes, (DL)2ψlog = 0, are related to the
regular normalizable left modes by [10]
ψlogµν = −
1
2
(i(u+ v) + ln cosh2ρ)ψLµν (3.15)
A particular example for a logarithmic mode is the normalizable regular logarithmic
primary: ψlogµν (2, 0) = −12 (i(u + v) + ln cosh2ρ)ψLµν(2, 0). By construction, the loga-
rithmic primary ψlogµν (2, 0) is annihilated by L− and L¯−. Acting on it with L+ and
L¯+ produces a tower of descendants. The logarithmic modes obtained in this way
are not Eigenstates of L0 and L¯0, but only of their difference [cf. (1.5)]:
L0 ψ
log
µν = hψ
log
µν +
1
2
ψLµν L¯0 ψ
log
µν = h¯ψ
log
µν +
1
2
ψLµν (3.16)
All the modes above are regular at the origin ρ = 0. In appendix A we discuss
point particle modes as particular examples of singular modes. We do not further
dwell on this case and consider from now on exclusively regular modes. Having
classified the normalizable modes, we now describe the most general set of regular
modes. To this end it is sufficient to consider the massive branch and extract the
other branches as certain limits thereof.
3.3 Generic massive solutions
In this subsection we discuss generic solutions to the EOM that are not necessarily
descendants of the primaries. This is tantamount to giving up the normalizabil-
ity condition. Non-normalizable modes play the role of sources in the AdS/CFT
dictionary.
We make again the separation Ansatz (3.10) and solve the equation DMψ = 0,
viz.,
ψµν +
1
µ
εµ
αβ∇αψβν = 0 (3.17)
If µ = 1 (µ = −1) we obtain left (right) solutions. Note that solutions of (3.17) are
necessarily traceless and transversal. The six independent EOM (3.17) are sufficient
to determine all components Fµν for any given set of weights h, h¯. Four of these
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equations are algebraic:
h¯Fuu − hFuv = µ− 1
4i
sinh (2ρ)Fuρ (3.18a)
h¯Fuv − hFvv = µ+ 1
4i
sinh (2ρ)Fvρ (3.18b)
h¯Fuρ − hFvρ = i
sinh (2ρ)
(
Fvv(µ+ 1) + Fuu(µ− 1)− 2µ cosh(2ρ)Fuv
)
(3.18c)
Fρρ =
4
sinh2(2ρ)
(
2 cosh(2ρ)Fuv − Fuu − Fvv
)
(3.18d)
The remaining two provide a coupled set of linear first order differential equations
for Fuv and Fvv:
dFuv
dρ
=
µ+ 1
sinh(2ρ)
(
Fuv
( 4hh¯
(µ+ 1)2
− cosh(2ρ))+ Fvv(1− 4h2
(µ+ 1)2
))
(3.19a)
dFvv
dρ
= − µ+ 1
sinh(2ρ)
(
Fvv
( 4hh¯
(µ+ 1)2
− cosh(2ρ))+ Fuv(1− 4h¯2
(µ+ 1)2
))
(3.19b)
For later purposes we parameterize the coupling constant µ by
µ+ 1
2
= 1− ε (3.20)
At the moment ε need not be small or positive. We also define
x := cosh(2ρ) (3.21)
Decoupling the two differential equations leads to a second order equation for Fvv
(prime denotes derivative with respect to x):
F ′′vv +
2x
x2 − 1 F
′
vv −
αx2 − 2hh¯ x+ h2 + h¯2 − α
(x2 − 1)2 Fvv = 0 (3.22)
with α = (1−ε)+(1−ε)2. The differential equation (3.22) can be transformed easily
into a hypergeometric differential equation. Its most general solution is given by
Fvv = a1(x− 1)(h¯−h)/2(x+ 1)(h¯+h)/2 2F1
(
2 + h¯− ε, −1 + h¯ + ε, 1 + h¯− h; 1− x
2
)
+ a2(x− 1)(h−h¯)/2(x+ 1)(h+h¯)/2 2F1
(
2 + h− ε, −1 + h+ ε, 1 + h− h¯; 1− x
2
)
(3.23)
provided the difference between the weights is not integer, h−h¯ 6∈ Z. Useful identities
for the Gauss hypergeometric function 2F1 are collected in appendix B.
We consider now regularity at the origin x = 1. Near the origin we can expand
2F1 = 1 + O(x − 1). The singular modes are those where a2 = 0, a1 6= 0 and the
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regular modes are those where a1 = 0, a2 6= 0. We are exclusively interested in
regular modes and therefore set a1 = 0. The regular solution for Fvv is given by
Fvv = a2(x−1)(h−h¯)/2(x+1)(h+h¯)/2 2F1(2+h−ε,−1+h+ε, 1+h− h¯; 1− x
2
) (3.24)
Similar considerations yield the regular solution for Fuv.
Fuv = a˜(x− 1)(h−h¯)/2(x+ 1)−(h+h¯)/2 2F1(−h¯+ ε, 1− h¯− ε, 1 + h− h¯; 1− x
2
) (3.25)
The constant a˜ is determined uniquely by the choice of the overall normalization
a2, see appendix C for explicit results. The solutions for Fuu and Fuv, (3.24) and
(3.25), also solve the first order system (3.19), apart from certain degenerate cases
that we shall address separately. All other components of Fµν are obtained from the
algebraic relations (3.18).
The case h¯ > h is recovered upon exchanging a1 ↔ a2 and h ↔ h¯ in the
discussion and the formulas above. The case h = h¯ leads to one regular mode given
in (3.24) and another mode that turns out to be singular at x = 1. The same issue
arises if the difference between the weights is integer, h − h¯ ∈ Z. Thus, the most
general regular case is covered by (3.24).
3.4 Non-normalizable left and right solutions
The solutions of DLψ = 0 are recovered from the massive solutions above in the limit
ε → 0. If the weights are integers then we obtain elementary functions instead of
hypergeometric ones. We assume that this is the case. For concreteness we demand
h > h¯ (3.26)
and address the other cases in the end. Solutions of DRψ = 0 are obtained from the
left modes by replacing everywhere u↔ v, h↔ h¯ and L with R.
We classified solutions into normalizable (all components Fµν are bounded for
large x) and non-normalizable ones (not all components Fµν are bounded for large
x). Since we require regularity there is no freely adjustable parameter anymore in
our solution. For any given set of weights the component Fvv must take the form
(3.24). Thus, for any given set of weights only three possibilities exist: there is
only a normalizable mode, there is only a non-normalizable mode, or there is both
a normalizable and a non-normalizable mode and the former has Fvv = 0. We have
mentioned in equation (3.14) that normalizable modes with non-vanishing component
Fvv exist for any h¯ ≥ 2. Therefore, a necessary condition for non-normalizable regular
modes is the inequality h¯ ≤ 1. In the following paragraph we establish conditions
that are necessary and sufficient.
For h¯ = 1 or h¯ = 0 we find that there are no regular non-normalizable solutions,
see the end of appendix B. Modes with weights h ≤ −2 and negative h¯ are normal-
izable. Thus, regular non-normalizable modes exist if and only if the weights obey
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the inequalities
h ≥ −1 h¯ ≤ −1 (3.27)
The only-if-part of the statement is clear from the previous discussion. The if-part
will be shown explicitly by constructing all the modes. Note that the inequalities
(3.27), if saturated, include the mode h = h¯ = −1, which turns out to be non-
normalizable and regular (C.7). We keep this mode in the discussion below, even
though it does not obey the strict inequality (3.26).
The results for Fvv and Fuv can be extracted from (B.8) and (B.9) plugged into
(3.24) and (3.25) (with ε = 0), respectively. All other components follow algebraically
from (3.18). The results are presented in detail in appendix C.1. As an example we
present here the result for the non-normalizable left moving boundary graviton:
ψLµν(1,−1) = e−iu+iv


0 0 0
0 x− 1 −2i
√
x−1
x+1
0 −2i
√
x−1
x+1
− 4
x+1


µν
(3.28)
For generic values h ≥ −1 ≥ h¯ the results in appendix C lead to the following
asymptotic expansion:
Fvv = x+ hh¯+O
(1
x
)
(3.29a)
Fuv = 1− h2 +O
( ln x
x
)
(3.29b)
Fuu = −h
h¯
(h2 − 1) +O( ln x
x
)
(3.29c)
Fvρ = −2ih +O
( ln x
x
)
(3.29d)
Fuρ =
2i(1− h2)
h¯ x
(
h+ h¯− 2hh¯ (ln x
2
− ψ(h)− ψ(1− h¯)− 2γ))+O( ln x
x2
)
(3.29e)
Fρρ =
4(1− 2h2)
x
+O( lnx
x2
)
(3.29f)
The quantity γ is the Euler–Mascheroni constant and ψ = Γ′/Γ is the digamma-
function. We note in passing that the asymptotic expansion (3.29) is valid for non-
integer values of h, h¯ as well. The uu-component is non-polynomial in the weight h¯.
It will become clear in section 4 how this non-locality is related to the dynamics of
CFT.
Let us now discuss algebraic properties of the non-normalizable left modes. These
properties are very useful to relate solutions of different weights, analogous to the
discussion in section 3.2 for normalizable modes. We could again exploit the property
(3.8), but we use a slightly stronger statement here. Namely, when acting on left
– 14 –
modes the operator DL commutes with the generators L± (3.4)-(3.5) and L¯±:4
[DL, L±]ψL = 0 [DL, L¯±]ψL = 0 (3.30)
Starting from a regular non-normalizable left mode we can therefore create alge-
braically further left modes (not necessarily regular or non-normalizable). We find
the algebraic relations
L0 ψ
L(h, h¯) = hψL(h, h¯) (3.31a)
L− ψ
L(h, h¯) = (h + 1)ψL(h− 1, h¯) + δh,−1N(−2, h¯) (3.31b)
L+ ψ
L(h, h¯) = (h− 1)ψL(h+ 1, h¯) (3.31c)
L¯0 ψ
L(h, h¯) = h¯ ψL(h, h¯) (3.31d)
L¯− ψ
L(h, h¯) = (h¯− 1)ψL(h, h¯− 1) (3.31e)
L¯+ ψ
L(h, h¯) = (h¯ + 1)ψL(h, h¯+ 1) + δh¯,−1N(h, 0) (3.31f)
where N(h, h¯) with |h| > 1 are left modes that are regular and normalizable (if
|h| ≤ 1 the quantity N(h, h¯) vanishes) and ψL(h, h¯) are regular non-normalizable
modes. We have fixed the normalization of all left modes in such a way that it
is compatible with the asymptotic expansion (3.29). Note that the normalizable
modes never mix with the non-normalizable modes: if the right hand side of one of
the relations (3.31) contains a normalizable contribution, the non-normalizable one
automatically vanishes.
To prove the relations (3.31) it is essentially sufficient to consider the action of
L± on the vv-component and the action of L¯± on the uu-component. This produces
immediately the relations above, but without the terms proportional to normaliz-
able modes N . As long as it is non-vanishing, it is sufficient to consider the vv-
component (uu-component) and compare it with the corresponding component of
regular non-normalizable modes: since we know that the modes ψL must be solu-
tions of DLψL = 0 knowledge of one non-vanishing component determines the other
components algebraically. The only caveat is that a normalizable mode with the
same weights h, h¯ could mix with the regular non-normalizable mode, provided the
former has a zero vv-component (uu-component). However, for generic weights no
such modes exist; the vv-component (uu-component) of normalizable modes is non-
vanishing, with only a few exceptions. These exceptions lead precisely to the terms
proportional to the modes N in the algebraic relations (3.31).
4The quickest way to show this is as follows: Take the tensor identity D(g¯)LψL = 0 and make a
coordinate change D(g¯+Lξg¯)L(ψL+LξψL) = 0, where Lξ is the Lie-derivative along a vector field
ξ. If ξ is one of the Killing vectors L±, L¯± we obtain D(g¯)L(LξψL) = 0, which is equivalent to the
statement in (3.30). We thank Niklas Johansson for providing this argument.
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Figure 1: Display of the ladder operators L+ (up), L− (down), L¯+ (right) and L¯− (left).
Notation: • = normalizable regular, ◦ = non-normalizable regular, X = singular
A simple example is provided by the boundary graviton (3.28). Inserting it into
the algebraic relations (3.28) we obtain
L0 ψ
L(1,−1) = ψL(1,−1) (3.32a)
L− ψ
L(1,−1) = 2ψL(0,−1) (3.32b)
L+ ψ
L(1,−1) = 0 (3.32c)
L¯0 ψ
L(1,−1) = −ψL(1,−1) (3.32d)
L¯− ψ
L(1,−1) = −2ψL(1,−2) (3.32e)
L¯+ ψ
L(1,−1) = 0 (3.32f)
The validity of the relations (3.32) can be checked explicitly with the formulas in
appendix C.1. Note that the boundary graviton is annihilated by L+ and L¯+. In
that sense it is the non-normalizable analog of the primary (3.12). However, as
opposed to the situation in the normalizable case we cannot generate from it all non-
normalizable modes: the modes with h > 1 are not accessible by repeatedly acting
with the generators L±, L¯± on the boundary graviton. We obtain in this way only
modes with weights (1, h¯), (0, h¯) and (−1, h¯). The modes with h ≥ 2 can be obtained
algebraically starting from the mode with weights (2,−1) given explicitly in (C.10).
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We have started the discussion in this subsection by assuming h > h¯ (3.26). If
we assume instead h = h¯ then nearly all modes are regular and normalizable. There
are three exceptions. If h = h¯ = 0 we obtain singular modes. Additionally, there are
two non-normalizable regular modes, namely h = h¯ = −1 (C.7) and h = h¯ = 1. We
have included the former already in the discussion above, while the latter is included
in the following case. If we assume h < h¯ we just have to replace h → −h and
h¯ → −h¯ in the discussion in this subsection. We recall that the right modes are
obtained from the left modes by replacing everywhere u↔ v, h↔ h¯ and L with R.
Additionally, we assumed that both weights are integer. If only their difference is
an integer, but not their sum, then we cannot express the hypergeometric functions
appearing in (3.24) and (3.25) in terms of more elementary functions. Moreover, the
algebra analog to (3.31) will no longer be “osmotic” between non-normalizable and
normalizable modes, i.e., the figure 1 does not apply to this more general situation.
In conclusion, the only regular non-normalizable left modes must have weights
(h ≥ −1, h¯ ≤ −1) or (h ≤ 1, h¯ ≥ 1). The general result for regular non-normalizable
left modes is given in appendix C.1. The asymptotic expansion for general regular
non-normalizable left modes is provided in (3.29). The algebraic properties (3.31)
depicted in figure 1 relate the modes and allow to generate all regular left modes
starting e.g. from (C.10).
3.5 Non-normalizable logarithmic solutions
The logarithmic modes emerge from the linear combination [10]
ψlogµν = lim
ε→0
ψMµν(ε)− ψLµν
ε
=
dψMµν
dε
∣∣∣
ε=0
(3.33)
For finite values of ε the middle expression in (3.33) is annihilated by DMDL, but
not by either of DM/L. After taking the limit ε → 0 all three expressions in (3.33)
are annihilated by (DL)2, but not by DL. This is the defining property of logarithmic
modes.
We focus again first on the case h ≥ h¯. The discussion is analogous to the one of
left modes. Generic non-normalizable logarithmic modes exist for the same weights as
non-normalizable left modes, h ≥ −1 ≥ h¯. One can use relations between contiguous
functions similar to (B.2) to establish recursion relations resembling (C.16). This
procedure allows to express all hypergeometric functions appearing in the logarithmic
modes in terms of rational functions and logarithms. However, there is a simpler way
to obtain generic logarithmic modes: make the shifts h→ h+ε, h¯→ h¯+ε and define
Fµν = F
L
µν + εF
log
µν + O(ε2), where FLµν is a non-normalizable left mode. Expanding
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the algebraic equations (3.18) to O(ε) yields
h¯F loguu − hF loguv = FLuv
(
1− h+ x− h
h¯
)
+ FLvv
h2 − 1
h¯
(3.34a)
h¯F loguv − hF logvv =
√
x2 − 1
2i
F logvρ + F
L
vv(h + 1)− FLuv(h¯+ 1) (3.34b)
h¯F loguρ − hF logvρ =
2i√
x2 − 1
(
F logvv − xF loguv − FLuu − FLvv + 2xFLuv
)
+ FLuρ − FLvρ (3.34c)
F logρρ =
4
x2 − 1
(
2xF loguv − F loguu − F logvv
)
(3.34d)
The differential equations (3.19) yield to O(ε)
dF loguv
dx
=
1
x2 − 1
(
F loguv (hh¯− x) + F logvv (1− h2) + FLuv(x+ h+ h¯+ hh¯)− FLvv(1 + h)2
)
(3.35a)
dF logvv
dx
=
1
1− x2
(
F logvv (hh¯− x) + F loguv (1− h¯2) + FLvv(x+ h+ h¯+ hh¯)− FLuv(1 + h¯)2
)
(3.35b)
We know the homogeneous solutions to the system (3.35): they are precisely the
non-normalizable left modes provided in appendix C.1. Solving the differential equa-
tions (3.35) is straightforward (if lengthy) and yields the components F loguv and F
log
vv ,
up to two integration constants. One of the integration constants parameterizes the
expected ambiguity corresponding to an addition of left modes to the logarithmic
modes. We may fix this ambiguity for instance by demanding that F logvv asymptot-
ically has no contribution linear in x. The other integration constant is fixed by
demanding regularity at x = 1. The remaining components F logµν follow algebraically
from (3.34). The logarithmic mode for weights h ≥ −1 ≥ h¯ is then given by
ψlogµν = i(u+ v)ψ
L
µν − F logµν e−ihu−ih¯v (3.36)
We have fixed the overall normalization constant in a convenient way. We provide
explicit results for logarithmic modes in appendix C.2. As an example we present
here the logarithmic partner of the non-normalizable left moving boundary graviton
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(3.28):
ψlogvv (1,−1) = e−iu+iv (i(u+ v) + ln
x+ 1
2
) (x− 1) (3.37a)
ψloguv (1,−1) = 4e−iu+iv
(
1− 2ln
x+1
2
x− 1
)
(3.37b)
ψloguu (1,−1) = −4e−iu+iv
(
1− 2ln
x+1
2
x− 1
)
(3.37c)
ψlogvρ (1,−1) = −2ie−iu+iv
(
(i(u+ v) + ln
x+ 1
2
)
√
x− 1
x+ 1
− 2 x
2 − 4x+ 3 + 4 ln x+1
2
(x− 1)√x2 − 1
)
(3.37d)
ψloguρ (1,−1) = 16ie−iu+iv
x− 1− (x+ 1) ln x+1
2
(x− 1)√x2 − 1 (3.37e)
ψlogρρ (1,−1) = −4
e−iu+iv
x+ 1
(
i(u+ v) + ln
x+ 1
2
− 4 (2x+ 1)(x− 1− 2 ln
x+1
2
)
(x− 1)2
)
(3.37f)
It is a straightforward exercise to check that ψlogµν (1,−1) is indeed annihilated by
(DL)2. Acting on it with DL only once we obtain
(DLψlog(1,−1))
µν
= (L0 + L¯0)ψ
log
µν (1,−1) = −2ψLµν(1,−1) (3.38)
where the regular non-normalizable left moving boundary graviton ψLµν(1,−1) is given
explicitly in (3.28). The logarithmic mode (3.37) has angular momentum 2:
(L0 − L¯0)ψlogµν (1,−1) = 2ψlogµν (1,−1) (3.39)
Therefore, we call the mode (3.37) “non-normalizable bulk graviton”.
It is straightforward to obtain an asymptotic expansion for F logµν by solving
asymptotically the differential equations (3.35). This obtains
F logvv = −(x+ hh¯) ln x+ h + h¯+ hh¯+O
( ln x
x
)
(3.40a)
F loguv = (h
2 − 1) lnx+ (1− 3h)(h+ 1) +O( lnx
x
)
(3.40b)
Inserting this result (and the asymptotic expansions (B.14), (B.15) for the left modes)
into the algebraic relations (3.34) yields asymptotic results for the non-normalizable
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logarithmic modes with arbitrary weights h ≥ −1 ≥ h¯:5
ψlogvv ∼ e−i(hu+h¯v)
(
(x+ hh¯)(ln x+ i(u+ v))− h− h¯− hh¯)+O( ln x
x
)
(3.41a)
ψloguv ∼ −e−i(hu+h¯v)
(
(h2 − 1)(lnx+ i(u+ v)) + (1− 3h)(h+ 1))+O( ln x
x
)
(3.41b)
ψloguu ∼ −e−i(hu+h¯v)
(h
h¯
(1− h2)(lnx− i(u+ v))
+ 2
h
h¯
(h2 − 1) (ψ(h− 1) + ψ(−h¯)− 3
2
+ 2γ + ln 2
))
+O( ln x
x
)
(3.41c)
ψlogvρ ∼ −2i e−i(hu+h¯v)
(
h (ln x+ i(u+ v))− (h+ 1))+O( ln x
x
)
(3.41d)
ψloguρ ∼ O
( lnx
x
)
(3.41e)
ψlogρρ ∼ −
4
x
e−i(hu+h¯v)
(
(2h2 − 1) (lnx+ i(u+ v)) + 2(1− 3h)(h+ 1))+O( lnx
x2
)
(3.41f)
The notation ∼ indicates that all equalities above are true up to the addition of non-
normalizable left modes with the same weights. The vv-component grows asymp-
totically like x ln x ∼ e2ρρ, which is logarithmically stronger growth as compared to
the Fefferman-Graham expansion (3.2). As anticipated, the non-normalizable loga-
rithmic modes are not asymptotically AdS (see appendix A). Particularly the O(1)
term of the uu-component will be important for the 2-point correlators in section 4,
since it is non-polynomial in the weights.
We consider now algebraic properties of logarithmic modes, starting with the
identities [
(DL)2, L±
]
ψlog = 0
[
(DL)2, L¯±
]
ψlog = 0 (3.42)
We find the algebraic relations
L0 ψ
log(h, h¯) = hψlog(h, h¯)− ψL(h, h¯) (3.43a)
L− ψ
log(h, h¯) ∼ (h+ 1)ψlog(h− 1, h¯) + δh,−1N(−2, h¯) (3.43b)
L+ ψ
log(h, h¯) ∼ (h− 1)ψlog(h+ 1, h¯) (3.43c)
L¯0 ψ
log(h, h¯) = h¯ ψlog(h, h¯)− ψL(h, h¯) (3.43d)
L¯− ψ
log(h, h¯) ∼ (h¯− 1)ψlog(h, h¯− 1) (3.43e)
L¯+ ψ
log(h, h¯) ∼ (h¯+ 1)ψlog(h, h¯+ 1) + δh¯,−1N(h, 0) (3.43f)
where N(h, h¯) with |h| > 1 are normalizable logarithmic modes (if |h| ≤ 1 the
quantity N(h, h¯) vanishes). The sign ∼ denotes equivalence up to the addition of
left modes, the standard ambiguity for logarithmic modes. The relations above can be
proven in a similar way as for the left modes. The algebraic properties (3.43) relate
the modes and allow to generate all regular logarithmic modes starting e.g. from
(C.22).
5For h = 0,±1 the following limits are needed: limh→0 hψ(h−1) = limh→±1(h∓1)ψ(h−1) = −1.
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4. Correlators
We have now collected nearly all ingredients to calculate all momentum space 2-
and 3-point correlators of operators in the postulated dual CFT on the cylinder: in
section 2 we presented the first three variations of the bulk action and reviewed the
linearized EOM. In section 3 we constructed the regular non-normalizable solutions
of the linearized EOM that act as sources for the operators corresponding to bulk and
boundary gravitons. The only missing ingredient for the calculation of correlators
are boundary terms in the action and their variation. However, we shall prove that
for 3-point correlators these boundary terms are not needed, while for the 2-point
correlators we shall employ a convenient short-cut. In section 4.1 we derive all 2-
point correlators and in section 4.2 we derive all 3-point correlators (in two cases
qualitatively, in the other eight cases exactly). We work in Lorentzian signature and
postpone a comparison to the more familiar Euclidean LCFT correlators in the short
distance limit to section 4.3.
4.1 Two-point correlators
We recall first 2-point correlators in a CFT with Lorentzian signature on the cylinder
S1×R (see e.g. [71] for a review). Next we explain how to obtain 2-point correlators
in the momentum representation on the gravity side for Einstein gravity. Finally
we derive all 2-point correlators in cosmological topologically massive gravity at the
chiral point.
4.1.1 Einstein gravity
As a warm-up as well as to fix the notation let us consider the stress tensor correlation
function in a CFT dual to Einstein gravity in the momentum representation. The
details of this CFT are irrelevant for this correlator since it is uniquely determined
by the conformal Ward-identities. We shall refer to this CFT as “Einstein-CFT”
below. Consider the time ordered 2-point function
GF (u, v) = 〈T{Tuu(u)Tuu(0)}〉 (4.1)
We can obtain its momentum representation by noting that, quite generally, we have
for k ∈ Z, ∆ ∈ N and ω > 0
0∫
−2π
dφ
∞∫
−∞
dt
eiωt+ikφ
sin2∆( t+φ
2
− iǫ sgn(t)) (4.2)
= 22∆ 2πi
(iω)2∆−1
(2∆− 1)!
∑
n≥0
eiω 2πn
0∫
−2π
dφ ei(k−ω)φ
=
(−4)∆2πi
Γ(2∆)
ω2∆−1
2h¯
(4.3)
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where we have regularized the φ-integral through ω → ω + i 0+. We recall that the
coordinates φ and t are related to the light-cone coordinates by u = t+φ, v = t−φ.
The momentum and frequency are related to h and h¯ through h = ω+k
2
and h¯ = ω−k
2
.
Now, since the 2-point function of the stress tensor in Einstein-CFT dual to Einstein
gravity on global AdS is given by [71]
〈T{Tuu(u)Tuu(0)}〉 =
( C
4 sin4( t+φ
2
− iǫ sgn(t)) +
C
6 sin2( t+φ
2
− iǫ sgn(t))
)
(4.4)
we can apply the general formula above to get
G˜F (h, h¯) = 2πi
C
3
ω3 − ω
h¯
= 2πi
C
3
h3 − h
h¯
+ contact terms (4.5)
The constant C is related to the central charge cBH through C = cBH8(2π)2 , with the
Brown–Henneaux central charge given by [72]
cBH =
3
2GN
(4.6)
Let us now compare the result (4.5) with the momentum space 2-point correlator
obtained from the Einstein action with cosmological constant (1.2). The source terms
for Tuu are the left-moving non-normalizable boundary gravitons in section (3.4).
These modes are not only solutions of linearized CCTMG, but also of linearized
Einstein gravity around AdS3. We thus substitute these into the second variation
of the Einstein–Hilbert action, together with some as yet unspecified normalization
constant α. The second variation of the Einstein–Hilbert action δ2SEH is given by
the first term in (2.20)
δ(2)SEH(ψ
L, ψL) = − α
2
16πGN
∫
d3y
√−g ψµν ∗L δGµν(ψL) + boundary terms (4.7)
with the boundary terms determined by demanding that the second order action leads
to a well-defined variational principle. Including these terms the on-shell action is
then given by
δ2SEH(ψ
L, ψL) =
α2
32π GN
lim
ρ→∞
t1∫
t0
dt
2π∫
0
dφ
√−g ψLij∗(h, h¯) gikgjl∇ρψLkl(h′, h¯′) (4.8)
Here gij is the induced metric at the boundary and g its determinant. We explain
now how to fix the normalization constant α. We demand standard coupling of the
metric to the stress tensor:
S(ψuLv , T
v
u ) =
1
2
∫
dt dφ
√
−g(0) ψuuL Tuu =
∫
dt dφ e−ihu−ih¯v Tuu (4.9)
– 22 –
Here S is either some CFT action with background metric g(0) or a dual gravitational
action with boundary metric g(0). The non-normalizable mode ψL is the source
for the energy-momentum flux component Tuu. The requirement (4.9) leads to the
normalization α = 1
4
.
If h 6= h′ the integrand in the second variation of the on-shell action (4.8) has an
oscillating factor in φ that integrates to zero. Similarly, if h¯ 6= h¯′ the integrand has
an oscillating factor in t, which vanishes if integrated over a periodic time interval
(in the non-compact case one can argue that it vanishes in a distributional sense).
Therefore, the weights must match.
h = h′ h¯ = h¯′ (4.10)
Then the oscillating terms cancel precisely. Now we use the asymptotic expansion
(3.29) together with the definition (3.21) and keep only the leading terms:
δ2SEH(ψ
L, ψL) =
α2
16GN
t1∫
t0
dt
1
4
e2ρ ψLuv
∗(h, h¯) ∂ρψ
Lv
u (h, h¯) (1 +O(e−2ρ)) (4.11)
Collecting all factors, inserting α = 1
4
, taking the limit and replacing GN by means
of the Brown–Henneaux result (4.6) yields
δ2SEH(ψ
L, ψL) =
cBH
24
h
h¯
(h2 − 1)
t1∫
t0
dt (4.12)
In comparing (4.12) with the Einstein-CFT result (4.5) we should note that an extra
factor of 2π
∫
dt arises due to the fact that the gravitational computation corre-
sponds to a double Fourier transform with respect to both coordinates of the 2-point
function. The extra factor i in (4.5) comes about because we work in Lorentzian
signature, where the action is multiplied by i. The result on the gravity side (4.12)
agrees therefore exactly with the result on the Einstein-CFT side (4.5), provided the
central charge takes the Brown–Henneaux value (4.6). This is of course well-known.
For the right modes the same calculation goes through, upon exchanging u↔ v
and h ↔ h¯. For mixed correlators, i.e., correlators that contain one left and one
right mode, the result for the correlator turn out to vanish up to a polynomial in the
weights which corresponds to contact terms. Thus, all left-right 2-point correlators
in Einstein gravity vanish up to contact terms in agreement with the predictions of
the postulated dual Einstein-CFT.
4.1.2 Cosmological topologically massive gravity at the chiral point
At the chiral point the left-moving central charge cL vanishes [5], whereas the right-
moving central charge cR = 2cBH is twice that of the Einstein-CFT. From the CFT
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point of view the 2-point function (4.4) should thus vanish while its right moving
companion should take twice the value compared to Einstein gravity. This structure
is precisely encoded in CCTMG as we shall now see.
Generically the 2-point correlators on the gravity side between two modes ψ1(h, h¯)
and ψ2(h′, h¯′) in momentum space are determined by
〈ψ1(h, h¯)ψ2(h′, h¯′)〉 = 1
2
(
δ(2)SCCTMG(ψ
1, ψ2) + δ(2)SCCTMG(ψ
2, ψ1)
)
(4.13)
where 〈ψ1 ψ2〉 stands for the correlation function of the CFT operators dual to
the graviton modes ψ1 and ψ2. On the right hand side one has to plug the non-
normalizable modes ψ1 and ψ2 into the second variation of the on-shell action (2.20)
and symmetrize with respect to the two modes. However, one should be careful and
collect all boundary terms, because the whole contribution to the correlator (4.13)
turns out to be a boundary term evaluated at the asymptotic boundary. This was
done in great detail in [17]. We use instead a short-cut to calculate the 2-point corre-
lators in momentum space that does not require the construction of these boundary
terms. To see how this works we take the second variation of the on-shell action
(2.20) which can be written as
δ(2)SCCTMG = − 1
16πGN
∫
d3y
√−g (DLδg)µνδGµν(h) + boundary terms (4.14)
We then see that the bulk term on the right hand side has the same form as in
Einstein theory with δg replaced by DLδg. Now, consider the variation of this action.
Possible obstructions to a well-defined boundary value problem can come only from
the variation δGµν(h). Thus any boundary terms appearing in (4.14) containing
normal derivatives must be identical with those in Einstein gravity. In addition
there can be boundary terms which do not contain normal derivatives of the metric.
However, from the asymptotic expansion (3.29) we infer that such terms can at most
lead to contact terms in the holographic computation of 2-point functions.6 Since we
ignore such contributions these additional boundary terms are irrelevant (although
they will be needed below in order to obtain a finite result). The upshot of this
discussion is that we can reduce the calculation of all possible 2-point functions in
CCTMG to the equivalent calculation in Einstein gravity with suitable source terms.
To continue we go on-shell.
DLψL = 0 DLψR = 2ψR (4.15)
By virtue of the linearized EOM (4.15) we obtain immediately
〈ψR(h, h¯)ψR(h′, h¯′)〉CCTMG ∼ 2〈ψR(h, h¯)ψR(h′, h¯′)〉EH (4.16a)
〈ψL(h, h¯)ψL(h′, h¯′)〉CCTMG ∼ 0 (4.16b)
〈ψL(h, h¯)ψR(h′, h¯′)〉CCTMG ∼ 〈ψL(h, h¯)ψR(h′, h¯′)〉EH ∼ 0 (4.16c)
6As mentioned in the last paragraph of section 4.1.1 in the momentum representation contact
terms correspond to contributions which are polynomial in h and h¯.
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The results on the gravity side (4.16) exactly match the LCFT prediction.
Let us now consider the logarithmic modes. According to the AdS/CFT corre-
spondence they should source an operator (see e.g. [73, 74]) t = b
cL
Tuu +
b
2
T˜ where
T˜ is a second operator with conformal weight ∆ = 2 such that 〈Tuu(u) T˜ (0)〉 = 0.
The parameter b is fixed by the precise nature of the logarithmic CFT. Now, while
〈Tuu(u) Tuu(0)〉 vanishes for cL → 0, the correlator
〈Tuu(u) t(0)〉 = b 〈Tuu(u) Tuu(0)〉
cL
(4.17)
is finite and determines the parameter b. This structure is again beautifully realized
in CCTMG. Indeed using again (4.15) together with the on-shell relation
DLψlog = −2ψL (4.18)
we obtain upon substitution in (4.14) immediately7
〈ψL(h, h¯)ψlog(h′, h¯′)〉CCTMG ∼ −2 〈ψL(h, h¯)ψL(h′, h¯′)〉EH (4.19a)
and after a bit of calculation also
〈ψR(h, h¯)ψlog(h′, h¯′)〉CCTMG ∼ 0 (4.19b)
Again the results on the gravity side (4.19) exactly match the LCFT prediction.
Finally we address the 2-point correlator with two logarithmic insertions. In
principle one can again obtain the 〈t t〉-correlator using conformal Ward-identities
in logarithmic CFT by expanding the 〈T˜ T˜ 〉-correlator about cL = 0 [73, 75]. As a
consequence of the conformal Ward-identities 〈T˜ T˜ 〉 is again given by a generalization
of (4.2) for conformal weights (∆, ∆¯) = (2+δ, δ). The 〈t t〉-correlator is then obtained
upon differentiating with respect to δ at δ = 0. In practice we face the problem that
(4.2) is valid for ∆ and ∆¯ ∈ N. Its analytic continuation to non-integer values of ∆
is ambiguous and therefore not conclusive. However, below we will argue on general
grounds that the result predicted by CCTMG is the correct one. In order to obtain
it we use again the on-shell relations (4.15), (4.18). This does not lead to a correlator
known from Einstein gravity, because there remains still one logarithmic mode, and
these modes do not exist in Einstein gravity. However, we can still use the relation
(4.18) to convert the second variation of the CCTMG action (4.14) into a variation
that takes the form of the second variation of the Einstein–Hilbert action (4.7). The
only missing ingredient are boundary counterterms that make the correlator finite:
δ(2)SCCTMG(ψ
log, ψlog) =
β2
8π GN
∫
d3y
√−g ψLµνδGµν(ψlog)+boundary terms (4.20)
7We have to take care of the normalizations of modes. We found above that we should use αψL
for left (or right) modes by demanding that these modes be correctly normalized sources for the
energy momentum tensor, with α = 14 . We make the Ansatz βψ
log for the normalization of the
logarithmic modes. At the end of our calculations we require a standard form of the LCFT 2-point
correlators and find β = α = 14 .
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Again, it is clear from the asymptotic expansion (3.41) that boundary counterterms
can at most be contact terms. Analogous to the Einstein–Hilbert case (4.8) we obtain
δ(2)SCCTMG(ψ
log, ψlog) = − 4β
2
16πGN
lim
ρ→∞
t1∫
t0
dt
2π∫
0
dφ
√−g ψLij∗(h, h¯) gikgjl∇ρψlogkl (h′, h¯′)
+ contact terms (4.21)
To avoid oscillating integrals the weights must match (4.10). Keeping only terms
that do not vanish in the limit ρ→∞ we get, modulo contact terms,
δ(2)SCCTMG(ψ
log, ψlog) ∼ − lim
ρ→∞
4β2
GN
t1∫
t0
dt
(
ψLvv
∗ ∂ρ(ψ
log
uu e
−2ρ) + ψLuu
∗ ∂ρ(ψ
log
vv e
−2ρ)
)
(4.22)
Inserting β = 1
4
as well as the asymptotic expansions (3.29) and (3.41) yields
δ(2)SCCTMG(ψ
log, ψlog) ∼ − lim
ρ→∞
1
4GN
t1∫
t0
dt
(h
h¯
(h2 − 1) (ψ(h− 1) + ψ(−h¯))
+
(
α˜(ρ+ it) + β˜
) h
h¯
(h2 − 1)
)
(4.23)
valid for h ≥ −1, h¯ ≤ −1. Again ψ is the digamma function and α˜, β˜ are weight-
independent constants. The expression in the second line of (4.23) diverges as the cut-
off for ρ tends to infinity. To cancel it we could introduce an appropriate boundary
counterterm, as it was done in [17]. However, there is an alternative possibility.
The factor h(h2 − 1)/h¯ is precisely the factor that arises in the correlator between
logarithmic and left modes, see (4.19) with (4.12). For each finite value of the
cutoff ρ we can exploit the shift ambiguity ψlog → ψlog + γ ψL to cancel such terms.
Therefore, they play no physical role and can be dropped, even without introducing
new boundary counterterms. The term in the first line of (4.23) is finite, analytic in
h, h¯ and non-trivial. This is our final result for the 2-point correlator on the gravity
side between two logarithmic modes on the cylinder.
In order to show that our result (4.23) provides the correct answer for a LCFT
we first note that in the short-distance limit we should recover the continuum result.
To this end we evaluate the first line of (4.23) in the limit of large weights h →∞,
h¯→ −∞ and obtain by virtue of (B.16) the asymptotic result
lim
h,−h¯→∞
δ(2)SCCTMG(ψ
log, ψlog) ∼ − 1
2GN
h3
h¯
ln
√
−hh¯
t1∫
t0
dt (4.24)
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Here the sign ∼ means equality up to contact terms and up to additional terms that
can be absorbed by shifting ψlog → ψlog + γ ψL with some constant γ.
Comparison with 2-point correlators of logarithmic modes in a LCFT reveals
that the momentum space correlator (4.23) has the correct short-distance behavior
(see also section 4.3 below). For generic values of h, h¯ with h¯h 6= 0, CFT-momentum
space correlators on a finite cylinder should have no cuts or poles. Our result (4.23)
is the only such function with the correct asymptotic behavior. Of course, there is a
freedom of adding a polynomial of degree 2 or less in h to (4.23) without spoiling the
asymptotic behavior (4.24). Equation (4.2) then shows that such terms correspond
to adding non-logarithmic operators of conformal weight ∆ < 2 to t. Similarly
a contribution of the form f(h¯)
h
with analytic f(h¯) is compatible with conformal
invariance. Such terms arise in the right moving sector involving Tvv.
We summarize now the results of this section so far. All 2-point correlators
in CCTMG match precisely with corresponding 2-point correlators in a LCFT, in
agreement with the analysis in [17]. Many of the correlators could be reduced to
correlators known from Einstein gravity by exploiting specific features of CCTMG
and the second variation of its action. The most interesting correlator, the 2-point
correlator between two logarithmic modes (4.23), is analytic in h and h¯ and only
develops a branch cut in the continuum limit (4.24).
4.2 Three-point correlators
The 3-point correlators on the gravity side between three modes ψ1(h, h¯), ψ2(h′, h¯′)
and ψ3(h′′, h¯′′) in momentum space are determined by
〈ψ1(h, h¯)ψ2(h′, h¯′)ψ3(h′′, h¯′′)〉 = 1
6
(
δ(3)SCCTMG(ψ
1, ψ2, ψ3)+5 permutations
)
(4.25)
On the right hand side one has to plug the non-normalizable modes ψ1, ψ2 and ψ3
into the third variation of the on-shell action (2.30) and symmetrize with respect
to all three modes. The Witten diagram corresponding to the correlator (4.25) is
depicted in Fig. 2.
4.2.1 Boundary terms
Before proceeding with calculations we prove that all boundary terms can be ne-
glected. This considerably simplifies our calculations. Since all our modes are regular
at the origin there are only asymptotic boundary terms. We can therefore exploit
the asymptotic results (3.29) for the left modes (and right modes upon exchanging
u ↔ v, h ↔ h¯) and the logarithmic modes (3.41). Actually, it is sufficient to keep
track of the exponential behavior in ρ, so there is no essential difference between loga-
rithmic and left modes for our proof. Thus, in this paragraph we do not discriminate
between logarithmic and left modes. Whenever a statement is valid for left modes it
is also valid for logarithmic modes (up to irrelevant polynomial terms in ρ). We only
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Figure 2: Witten diagram for three graviton correlator (4.25)
have to keep contributions that are not contact terms. As explained below (4.14) this
implies that each expression must contain at least one component ψLuu or one com-
ponent ψRvv. With one index raised these terms behave asymptotically like O(e−2ρ).
On the other hand, each tri-linear expression of the form δgνµh
λ
νk
µ
λ must contain at
least two terms of order of unity and at most one term that decays asymptotically
like e−2ρ. This is so, because such tri-linear terms are multiplied by
√−g ∼ e2ρ. If
a tri-linear term decays faster than e−2ρ the corresponding boundary term vanishes
in the limit ρ → ∞. Consider for example the leading order contribution of two
left and one right mode. The only expression that does not decay faster than e−2ρ
is given by ψLuv ψ
Rv
u ψ
Lu
u . However, this expression asymptotically is a contact term,
since it does neither contain ψLvu nor ψ
Ru
v :
lim
ρ→∞
ψLνµ ψ
Lλ
ν ψ
Rµ
λ = O(e−4ρ) + contact terms (4.26)
The same result applies for L↔ R. Considering only left moving modes even leads
to faster decay:
lim
ρ→∞
ψLνµ ψ
Lλ
ν ψ
Lµ
λ = O(e−4ρ) (4.27)
The same result applies to right modes. Insertion of covariant derivatives, ε-tensors
or background metrics into tri-linear expressions does not change anything essential
about the conclusions above. For instance, the only non-contact term that decays
like e−2ρ constructed solely out of left modes schematically must be of the form
T ρvu(ψ
Lu
v ψ
Lu
v ψ
Lv
u ), with some O(1) tensor T constructed out of covariant derivatives,
ε-tensors or the background metric. Any such T ρvu is not O(1), but must decay at
least like e−2ρ. This is not completely obvious, but it can be shown straightforwardly
by considering the asymptotic behavior of the Christoffel symbols and of the back-
ground metric. The same considerations apply to terms with any other combination
of left and right modes. Generic boundary terms related to the bulk expression (2.30)
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are all of the type just discussed: they contain tri-linear expressions in the modes,
possibly with some insertions of covariant derivatives, ε-tensors or background met-
rics.
In conclusion, all asymptotic boundary terms that emerge from partial integra-
tions in 3-point correlators either vanish or yield contact terms. We are therefore
free to partially integrate at will and to drop all boundary terms in the calculation
of 3-point correlators.
4.2.2 Correlators without log insertions
Partially integrating the first term in the third variation of the action (2.30) leads to
a useful result:
δ(3)SCCTMG ∼ − 1
κ2
∫
d3y
√−g
[(DLδg)µν δ(2)Rµν(h, k) + δgµν ∆µν(h, k)] (4.28)
This expression allows us to use the same trick as for 2-point correlators: 3-point
correlators that involve no logarithmic modes can be reduced to 3-point correlators
calculated in Einstein gravity [68]:
δ(3)SEH = − 1
κ2
∫
d3y
√−g δgµν δ(2)Rµν(h, k) (4.29)
To show this we recall the properties (4.15), (4.18) and the fact that ∆µν(h, k) = 0
if both h and k are left or right modes. Therefore, we have the following results:
〈ψR(h, h¯)ψR(h′, h¯′)ψR(h′′, h¯′′)〉CCTMG ∼ 2 〈ψR(h, h¯)ψR(h′, h¯′)ψR(h′′, h¯′′)〉EH (4.30a)
〈ψL(h, h¯)ψR(h′, h¯′)ψR(h′′, h¯′′)〉CCTMG ∼ − 4
3κ2
∫
d3y
√−g ψRµν δ(2)Rµν(ψR, ψL) ∼ 0
(4.30b)
〈ψL(h, h¯)ψL(h′, h¯′)ψR(h′′, h¯′′)〉CCTMG ∼ − 2
3κ2
∫
d3y
√−g ψRµν δ(2)Rµν(ψL, ψL) ∼ 0
(4.30c)
〈ψL(h, h¯)ψL(h′, h¯′)ψL(h′′, h¯′′)〉CCTMG ∼ 0 (4.30d)
The first and the last result are compatible with the CCTMG values of the central
charges. The other expressions reduce to terms that arise already in Einstein gravity,
where they are found to be zero up to contact terms. The results (4.30) coincide
with the results in a LCFT.
4.2.3 Single log insertions
Of course, the really interesting 3-point correlators contain one or more insertions
of logarithmic modes. We discuss now correlators that contain exactly one such
insertion.
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We start with the correlator between two left and one logarithmic mode. If δg
is the logarithmic mode we obtain from (4.28) the contribution
δ(3)SCCTMG(ψ
log, ψL1 , ψ
L
2 ) ∼
2
κ2
∫
d3y
√−g ψLµν δ(2)Rµν(ψL1 , ψL2 ) (4.31)
where we have used the identity (4.18) and the vanishing of ∆µν(ψ
L
1 , ψ
L
2 ) = 0 (2.28).
Up to the overall factor −2 this coincides precisely with the corresponding expression
in Einstein gravity appearing in the 3-point correlator of three left modes. If δg is
one of the left modes we obtain instead
δ(3)SCCTMG(ψ
L
1 , ψ
L
2 , ψ
log) ∼ − 1
κ2
∫
d3y
√−g ψLµν1 ∆µν(ψL2 , ψlog) (4.32)
To calculate ∆µν a helpful formula is(DL(ψL ψL2 ))µν = εµστ ψαLτ ∇σψL2αν (4.33)
We obtain the intermediate result
δ(3)SCCTMG(ψ
L
1 , ψ
L
2 , ψ
log) ∼ 2
κ2
∫
d3y
√−g ψLµν1
(1
2
εµ
σκ ψLασ (∇νψL2ακ −∇αψL2 νκ)
− ψLσ2 µ ψLσν
)
(4.34)
The definition (2.28) of ∆µν makes it transparent why only left modes remain in the
result (4.34). Using on-shell manipulations like ψLαβ = −εαµν∇µψLνβ or
ψLσ2 µ ψ
L
σν = (∇αψL2µβ)(∇βψLαν )− (∇αψL2µβ)(∇αψLβν ) (4.35)
it is straightforward to show the identity [see (2.29)]
δ(3)SCCTMG(ψ
L
1 , ψ
L
2 , ψ
log) + δ(3)SCCTMG(ψ
L
2 , ψ
L
1 , ψ
log) ∼
2
κ2
∫
d3y
√−g ψLµν1 δ(2)Rµν(ψL2 , ψL) +
2
κ2
∫
d3y
√−g ψLµν2 δ(2)Rµν(ψL1 , ψL) (4.36)
The results (4.31) and (4.36) together imply that the correlator between two left
and one logarithmic mode in CCTMG is reduced to the correlator between three left
modes in Einstein gravity, multiplied by a factor −2. Similar considerations apply
to correlators with one or two right modes instead of the left modes, where all ex-
pressions turn out to be contact terms. Though this result is simple and transparent
from the CFT point of view, it is quite involved to derive it on the gravity side. In
section 4.2.4 we shall calculate this correlator explicitly in the limit of large weights,
where considerable simplifications arise. Let us summarize our results for 3-point
correlators with one logarithmic insertion:
〈ψR(h, h¯)ψR(h′, h¯′)ψlog(h′′, h¯′′)〉CCTMG ∼ 0 (4.37a)
〈ψL(h, h¯)ψR(h′, h¯′)ψlog(h′′, h¯′′)〉CCTMG ∼ 0 (4.37b)
〈ψL(h, h¯)ψL(h′, h¯′)ψlog(h′′, h¯′′)〉CCTMG ∼ −2 〈ψL(h, h¯)ψL(h′, h¯′)ψL(h′′, h¯′′)〉EH
(4.37c)
The results (4.37) coincide with the results in a LCFT.
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4.2.4 Multiple log insertions and limit of large weights
The remaining correlators contain at least two logarithmic insertions and therefore
are more complicated. In particular, the vanishing of the correlator between a right
mode and two logarithmic ones is important for the consistency of the interpretation
of CCTMG as gravity dual to some LCFT. We have not found a closed expression
for these correlators, although we can evaluate them for any given set of weights.
Nevertheless we can check the consistency with a LCFT on the infinite plane by
considering the limit of small distance on the cylinder or, equivalently, large weights,
h,−h¯→∞ while keeping h+ h¯ finite. By the UV/IR connection [76] the coincidence
limit corresponds to the IR regime on the gravity side. It is therefore sufficient to
substitute the asymptotic large-x expansion of the non-normalizable modes (source
terms) in the 3-point correlator (4.25). See also the discussion at the end of appendix
B affirming the UV/IR connection we are exploiting.
We then proceed as follows. We start with the asymptotic expansions (3.29) and
(3.41) keeping only the leading and subleading terms in the large x expansion. Next
we evaluate by brute-force the missing three correlators 〈ψlog ψlog ψL/R/log〉 with com-
puter algebra [77]. We shall only keep terms that are of leading order in the weights,
since by scale-invariance these should reproduce the momentum space correlator on
the infinite plane. In addition, we are free to drop all polynomial terms in the weights
as they correspond to contact terms. The remaining non-polynomial terms are then
either rational functions in the weights or rational functions times logarithms in the
weights, similar to our results for 2-point correlators.
In order to avoid oscillating behavior of the integrand only two pairs of weights
can be chosen freely, while the third one is determined by the others. For complex
modes ψ1(h, h¯), ψ2(h
′, h¯′), ψ3(h
′′, h¯′′) this condition is
h + h′ + h′′ = 0 h¯+ h¯′ + h¯′′ = 0 (4.38)
For simplicity we consider at the moment the complex modes of appendix C, rather
than real ones.8 This means that the 3-point correlators calculated below will have
a real and an imaginary part, corresponding to two specific linear combinations of
3-point correlators with real mode insertions. The main features of the 3-point cor-
relators are captured by these calculations. For completeness we address correlators
with real mode insertions in the end.
We need one more ingredient before we can start with the calculations. Namely,
as we shall see below there are two types of rational functions that we can get.
Either we obtain a sum of poles in all three weights (here and below quantities like
P (h, h′, h¯, h¯′) denote polynomials in the weights):
〈ψ1(h, h¯)ψ2(h′, h¯′)ψ3(h′′, h¯′′)〉 ∼ P (h, h
′, h¯, h¯′)
h¯h¯′(h¯+ h¯′)
6= 0 (4.39)
8An overall factor 164 arises in all 3-point correlators due to the normalization factor
1
4 explained
in section 4.1. Additional numerical factors arise if we use real instead of complex modes.
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Or we obtain a sum of poles in only two of the three weights:
〈ψ˜1(h, h¯) ψ˜2(h′, h¯′) ψ˜3(h′′, h¯′′)〉 ∼ P˜ (h, h
′, h¯, h¯′)
h¯h¯′
∼ 0 (4.40)
The latter case has the following simple interpretation in the dual CFT: All operators
appearing in the operator product expansion (OPE) of the operators O1 and O2
sourced by ψ1 and ψ2 are such that their 2-point function with the third operator
O3, sourced by ψ3, is a contact term. Thus, we shall equate correlators of the form
(4.40) to zero modulo contact terms in the calculations below.
To test this procedure we start with the calculation of correlators for which we
have obtained exact expressions already. We use the relations (4.38) between the
weights to eliminate h′′ and h¯′′ in terms of the other weights and find the following
results
lim
|weights|→∞
〈ψL(h, h¯)ψL(h′, h¯′)ψL(h′′, h¯′′)〉CCTMG ∼ 0 (4.41a)
lim
|weights|→∞
〈ψL(h, h¯)ψL(h′, h¯′)ψR(h′′, h¯′′)〉CCTMG ∼ 0 (4.41b)
lim
|weights|→∞
〈ψL(h, h¯)ψR(h′, h¯′)ψR(h′′, h¯′′)〉CCTMG ∼ 0 (4.41c)
lim
|weights|→∞
〈ψR(h, h¯)ψR(h′, h¯′)ψR(h′′, h¯′′)〉CCTMG ∼ P
R(h, h¯, h′, h¯′)
hh′(h+ h′)
(4.41d)
lim
|weights|→∞
〈ψL(h, h¯)ψL(h′, h¯′)ψlog(h′′, h¯′′)〉CCTMG ∼ P
L(h, h¯, h′, h¯′)
h¯h¯′(h¯+ h¯′)
(4.41e)
lim
|weights|→∞
〈ψL(h, h¯)ψR(h′, h¯′)ψlog(h′′, h¯′′)〉CCTMG ∼ 0 (4.41f)
lim
|weights|→∞
〈ψR(h, h¯)ψR(h′, h¯′)ψlog(h′′, h¯′′)〉CCTMG ∼ 0 (4.41g)
with the polynomials
PR(h, h¯, h′, h¯′) ∝ (hh′(h¯+ h¯′)2(h¯3 + h¯′ 3)− h(h+ h′)h¯′ 2(h¯3 − (h¯ + h¯′)3)
− h′(h + h′)h¯2(h¯′ 3 − (h¯+ h¯′)3)) (4.41h)
PL(h, h¯, h′, h¯′) = −PR(h′, h¯′, h, h¯) (4.41i)
The polynomials are symmetric under the exchanges h, h¯ ↔ h′, h¯′ and h, h¯ ↔ h′′ =
−(h + h′), h¯′′ = −(h¯ + h¯′). Of course, this must be the case by the trivial exchange
symmetry 〈ψ ψ′ ψ′′〉 = 〈ψ′ ψ ψ′′〉, so this merely provides a check on the correctness
of the calculations. As evident from the last equation (4.41i) the polynomials are
related to each other by an exchange of weights and by a proportionality constant −1.
In coordinate space these properties correspond to an exchange u↔ v and a certain
proportionality between the coefficients in the 3-point correlators. It is easy to check
that these are precisely the properties required by the first correlator in (4.30) and
by the last correlator in (4.37), and that the proportionality constant −1 matches.
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The poles appearing in the non-vanishing correlators are located precisely where they
should be, so the procedure above indeed works. On the other hand we should note
that the polynomials PR/L are of degree seven, whereas dimensional analysis shows
that the correct degree is five. The origin of this mismatch is that we integrated
over all of AdS3 while the correct region of integration should be supported only
at large x in order to be consistent with the asymptotic x-dependence assumed for
non-normalizable modes (source terms) inserted into the 3-point correlators (4.25).
At a qualitative level this can be taken into account by imposing an infrared cut-off
x > λ2, where λ is of the order of h, h¯, h′, . . . . The resulting polynomial is then
∼ λ−2PL/R which now has the correct dimension. Since we are interested only in the
location of the poles we may ignore this issue at present.
Of course, we did not need to invoke this procedure for the correlators just dis-
cussed, since we have reduced their calculation to a calculation of similar correlators
in Einstein gravity in sections 4.2.2 and 4.2.3. So, the example just considered pro-
vides a consistency test for our approach to evaluate 3-point correlators involving
logarithmic modes. The calculation of the last two correlators in (4.41) is still some-
what involved, because one has to take into account the leading order term, whose
integrand (2.31) decays only like 1/x, and the next-to-leading order term, whose in-
tegrand (2.31) decays like ln x/x2, t/x2 or 1/x2. All these terms independently turn
out to be contact terms for large weights.
Comparing our results in the large weight limit (4.41) with the exact results
(4.30) and (4.37) shows that they agree in this limit in the following sense: we
reproduce the vanishing of all correlators that should vanish and the correct location
of the poles (but not their residues) of the correlators that do not vanish. This
provides a consistency check that the large weight limit indeed produces the correct
results for the correlators in the near-coincidence limit, in the sense just explained.
We consider now the correlator between one right and two logarithmic modes in
the limit of large weights.9 We find the following result
lim
|weights|→∞
〈ψlog(h, h¯)ψlog(h′, h¯′)ψR(h′′, h¯′′) 〉CCTMG ∼
∫
dx
∫
dt
[f1
x
+
f2 ln
2 x
x2
+
f3 t ln x
x2
+
f4 t
2
x2
+
f5 ln x
x2
+
f6 t
x2
+
f7
x2
+O( ln2 x
x3
)]
(4.42a)
where f1, f2, f3, f4 ∼ 0. The expressions f5, f6, f7 (up to contact terms) are given by
f5 ∝ f6 ∝ h
3h¯′ 2
h¯
+
h¯2h′ 3
h¯′
f7 ∝ h
3h¯′ 2
h¯
ln (−hh¯) + h¯
2h′ 3
h¯′
ln (−h′h¯′) + αf5 (4.42b)
where α is a constant. The expressions (4.42) contain poles in the weights h¯ and h¯′,
but not in h′′ = −h−h′. By the reasoning below equation (4.40) these contributions
9Details are available at http://quark.itp.tuwien.ac.at/∼grumil/Rloglog.html.
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are equal to zero up to contact terms. Therefore the correlator between one right and
two logarithmic modes vanishes up to contact terms.
We consider next qualitatively the correlator between one left and two logarith-
mic modes in the limit of large weights. We find the following result
lim
|weights|→∞
〈ψlog(h, h¯)ψlog(h′, h¯′)ψL(h′′, h¯′′) 〉CCTMG ∼ P
log(h, h′, h¯, h¯′)
h¯h¯′(h¯+ h¯′)
(4.43a)
where the quantity P log (up to contact terms) is given by
P log(h, h′, h¯, h¯′) = P1 (h, h
′, h¯, h¯′) ln (−hh¯)+P1 (h′, h, h¯′, h¯) ln (−h′h¯′)+P2 (h, h′, h¯, h¯′)
(4.43b)
The polynomials P1 and P2 are again of degree seven in the weights.
10 The expres-
sions (4.43) contain poles in the weights h¯, h¯′ and h¯′′ = −h¯ − h¯′. The correlator
between one left and two logarithmic modes does not vanish, even after dropping all
contact terms.
The missing correlator between three logarithmic modes is lengthy, even in the
limit of large weights. We do not present any formulas for this case, and just mention
that we have checked that this correlator is non-vanishing, even after dropping all
contact terms, and has the expected poles.11 If we use real modes instead of complex
modes we reproduce all the results above, but with slightly different numerical co-
efficients. The qualitative features of the correlators do not change. All correlators
that vanish above still vanish, including the crucial correlator between a right and
two logarithmic modes.
We summarize our results for 3-point correlators with at least two logarithmic
insertions:
lim
|weights|→∞
〈ψR(h, h¯)ψlog(h′, h¯′)ψlog(h′′, h¯′′)〉CCTMG ∼ 0 (4.44a)
lim
|weights|→∞
〈ψL(h, h¯)ψlog(h′, h¯′)ψlog(h′′, h¯′′)〉CCTMG ∼ P
log(h, h′, h¯, h¯′)
h¯h¯′(h¯+ h¯′)
(4.44b)
lim
|weights|→∞
〈ψlog(h, h¯)ψlog(h′, h¯′)ψlog(h′′, h¯′′)〉CCTMG ∼ lengthy
h¯h¯′(h¯+ h¯′)
(4.44c)
In particular, we have demonstrated the vanishing of the correlator between a right
mode and two logarithmic ones, which is a non-trivial result on the gravity side. We
do not provide explicit expressions for the last two correlators in (4.44), because we
do only trust the locations of the poles, but not their residues. The proportionality
constants depend on the weights, but do not contain further poles. We see already
from the qualitative behavior of the penultimate correlator (4.43) (and similar ex-
pressions for the last correlator) that these correlators are non-vanishing and exhibit
10Details are available at http://quark.itp.tuwien.ac.at/∼grumil/Lloglog.html.
11Details are available at http://quark.itp.tuwien.ac.at/∼grumil/logloglog.html.
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the required features for LCFT correlators: poles in all three weights and expressions
that contain logarithms in appropriate pairs of weights in the large weight expansion.
Let us emphasize the main results of section 4.2. We have reduced the correlators
between three right modes (4.30) and between two left and one logarithmic mode
(4.37) to correlators known from Einstein gravity, thence establishing their exact
form. Moreover, we have found that all the correlators which should vanish in a LCFT
indeed do vanish for CCTMG (4.30), (4.37), including the crucial correlator between
one right and two logarithmic modes (4.44). In the latter case we had to invoke a
procedure that involved a large weight expansion. While we trust that procedure
to generate the correct location of poles (or absence thereof), we do not expect it
to yield the correct residues, since we exploited a certain scaling between weights
and the coordinate x to evaluate the hypergeometric functions and the integrals. We
have not found a simple way to extract the residues of the poles or to avoid the large
weight expansion altogether. This will be necessary for obtaining the correlators
〈ψL ψlog ψlog〉 and 〈ψlog ψlog ψlog〉 quantitatively for arbitrary weights. Qualitatively
we found that these correlators have poles at the correct places (4.44) and contain
the anticipated terms logarithmic in the weights (4.43b).
4.3 Comparison with Euclidean logarithmic CFT correlators
For completeness we relate now our results for 2- and 3-point correlators in sections
4.1 and 4.2 to the more familiar form of various LCFT correlators on the complex
plane collected in appendix D. The vanishing correlators on the gravity side also
vanish on the LCFT side (and vice versa), so we focus solely on the non-vanishing
ones. To this end we transform the results (4.16), (4.19) and (4.24) to coordinate
space, fixing the integral over time to 2πi so that we can compare with the Euclidean
correlators in appendix D.12
〈ψR(z, z¯)ψR(0)〉 = iπ
2GN
∂¯3
∂
δ(2)(z, z¯) (4.45a)
〈ψL(z, z¯)ψlog(0)〉 = − iπ
2GN
∂3
∂¯
δ(2)(z, z¯) (4.45b)
〈ψlog(z, z¯)ψlog(0)〉 = −2iπ
GN
ln
(
m2
√
−∂∂¯) ∂3
∂¯
δ(2)(z, z¯) (4.45c)
Evaluating the distributions in (4.45) with standard methods and keeping only the
12We use Fourier transformations with respect to t, φ, not with respect to light cone coordinates
u, v or z, z¯. The factor 2 in the relation δ(2)(t, φ) = 2 δ(2)(z, z¯) enters in all formulas (4.45).
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most singular terms yields
〈ψR(z, z¯)ψR(0)〉 = cR
2z¯4
(4.46a)
〈ψL(z, z¯)ψlog(0)〉 = b
2z4
(4.46b)
〈ψlog(z, z¯)ψlog(0)〉 = −b ln (m
2|z|2)
z4
(4.46c)
provided we use the values
cL = 0 cR =
3
GN
b = − 3
GN
(4.47)
These are exactly the values for central charges cL, cR [5] and new anomaly b [17]
found before. The results (4.46) are equivalent to the LCFT results (D.1).
We compare now the 3-point correlators. The vanishing correlators on the gravity
side also vanish on the LCFT side (and vice versa), so we focus again on the non-
vanishing ones. All non-vanishing 3-point correlators with at most one logarithmic
insertion can be reduced to 3-point correlators known from Einstein gravity.
〈ψR(z, z¯)ψR(z′, z¯′)ψR(0, 0)〉EH = cBH
z¯2z¯′ 2(z¯ − z¯′)2 (4.48)
〈ψL(z, z¯)ψL(z′, z¯′)ψL(0, 0)〉EH = cBH
z2z′ 2(z − z′)2 (4.49)
The results (4.30) and (4.37) then imply
〈ψR(z, z¯)ψR(z′, z¯′)ψR(0, 0)〉 = cR
z¯2z¯′ 2(z¯ − z¯′)2 (4.50a)
〈ψL(z, z¯)ψL(z′, z¯′)ψlog(0, 0)〉 = b
z2z′ 2(z − z′)2 (4.50b)
with the same values of cR and b as before (4.47). The results (4.50) are equivalent to
the LCFT results (D.2), (D.3). The non-vanishing 3-point correlators with at least
two logarithmic insertions were calculated only qualitatively on the gravity side, see
for instance the schematic result (4.43). The appearance of ln (−hh¯) terms on the
gravity side in momentum space is in qualitative agreement with the appearance of
ln |z|2 terms in (D.4).
In conclusion all six 2-point correlators and the eight of ten 3-point correlators
that we calculated on the gravity side coincide precisely with corresponding LCFT
correlators. With the tools provided in this work also the remaining two correlators
〈ψL/log ψlog ψlog〉 can be checked in principle, though we have not found an efficient
way to do so. Therefore, we have considered them in the limit of large weights and
found qualitative agreement, notably the correct location of poles, so we expect that
they coincide as well with corresponding LCFT correlators. It would be of interest
to calculate the correlator 〈ψlog ψlog ψlog〉 in full detail since this determines another
defining parameter of the LCFT, denoted by a in [74].
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5. Discussion
Summary In this paper we confirmed the conjecture [10] that CTMG (1.1) at
the chiral point (1.4) is dual to a logarithmic CFT: we constructed all regular non-
normalizable left, right and logarithmic modes in global coordinates, see section 3
and appendix C. We plugged these modes into the second (2.20) and third variation
of the action (2.30) to evaluate 2- and 3-point correlators on the gravity side in
section 4. We found that they agree with correlators in a logarithmic CFT. This
is concurrent with recent calculations by Skenderis, Taylor and van Rees [17], who
constructed 2-point correlators on the gravity side on the Poincare´ patch and also
found agreement with logarithmic CFT correlators.
Generalizations It would be interesting to calculate the correlator (4.44c) between
three logarithmic modes not just qualitatively, but in full detail. This will allow to
extract another parameter in addition to central charges and new anomaly (4.47),
sometimes denoted by a, that determines properties of the LCFT [74]. Exploiting our
results for the non-normalizable modes also higher order correlators can be calculated.
Of course these calculations are rather involved. Some of the tricks we have used
simplify these calculations. For example, one can probably show that all boundary
terms vanish for all higher order correlators, by analogy to our proof for 3-point
correlators. If this is true one just has to vary the bulk action and can partially
integrate freely to simplify expressions, e.g. by applying the on-shell relations (4.15),
(4.18). It might be of interest to check the 4-point correlators, since they contain
the first non-trivial information about the CFT beyond that implied by conformal
invariance and the values of central charges cL/R, new anomaly b and the parameter
a.
Our analysis essentially applies also to New Massive Gravity [70] at a chiral
point: its linearized EOM around an AdS3 background for a particular tuning of
parameters take the form (DLDR)2ψ = 0, with the same operators DL/R as in (2.22).
The construction of all non-normalizable modes is therefore contained in the present
work already: they are given by regular non-normalizable left, right, logarithmic, and
flipped logarithmic modes. The latter are constructed from the logarithmic modes in
the same way as the right modes are constructed from the left modes: by exchanging
the light-like coordinates u ↔ v and switching the weights h ↔ h¯. Consistent AdS
boundary conditions analog to the ones for CCTMG [14] were constructed for New
Massive Gravity in [78]. These boundary conditions include all normalizable left,
right, logarithmic and flipped logarithmic modes. The main missing ingredient for the
calculation of 2- and 3-point correlators in New Massive Gravity is the construction
of the second and third variation of the action, which is a straightforward exercise.
Another interesting generalization is the inclusion of supersymmetry [52, 79].
Perhaps an AdS/LSCFT correspondence can be established (see [80–82] for some
– 37 –
LSCFT literature). Of course, once the AdS/L(S)CFT conjecture is taken for granted
one can utilize the full power of conformal symmetry to simplify the calculations of
correlators. For instance, one can then exploit the conformal Ward identities, which
was not possible in the present work whose goal was to substantiate the conjecture
by calculating correlators on the gravity side.
Comments on CCTMG as quantum gravity Since CCTMG apparently is dual
to a logarithmic CFT it is neither chiral nor unitary. We address now consequences
for its status as a toy model for quantum gravity. One possible option is to truncate
the logarithmic modes, either by imposing periodicity conditions [10] or by imposing
boundary conditions that are stricter than the requirement of asymptotic AdS, like
Brown–Henneaux boundary conditions [30]. The dual CFT, if it exists, would be
extremal [83], chiral [6,30], and avoids the difficulties with holomorphic factorization
encountered in [84]. That theory contains black holes but no (bulk) gravitons. An
indication for the viability of this option is the existence of a consistent modular
invariant partition function for cR = 24k with k ∈ Z+ [16, 83]. A counter-indication
for the viability of this option is the potential non-existence of extremal CFTs for
large central charges [85]. A related option is that chiral gravity does not have
its own dual CFT, but that a chiral truncation of the LCFT dual to CCTMG can
be achieved by restricting the latter to a superselection sector with vanishing left
charges [16]. Since we know many examples of non-unitary theories with zero-norm
states (gauge degrees of freedom) and negative norm states (ghosts) that can be
truncated consistently to unitary theories by superselecting to ghost number zero, it
is conceivable that the same construction is possible for CCTMG. The assessment of
CCTMG and its chiral truncation as a toy model for quantum gravity still remains
inconclusive.
An alternative option not addressed extensively in the literature (see however
[11]) is the possibility to reverse the sign of the action (1.1), truncate the black
holes by some mechanism and keep the gravitons. We can achieve this by imposing
boundary conditions that are stricter than AdS boundary conditions, see the chiral
boundary conditions in appendix A. This procedure breaks VirasoroR × VirasoroL
to U(1)R × VirasoroL. TMG (or CTMG with the black holes truncated) may serve
as a suitable quantum gravity toy model with an S-matrix (or some AdS-analog
thereof) for gravity wave scattering. This alternative was not considered in [83] and
subsequent work, mainly because pure Einstein gravity in three dimensions does not
provide any degrees of freedom for scattering. By contrast, (C)TMG does provide
them in the form of topologically massive gravitons.
It is possible that neither of the truncations mentioned above works consistently
at the quantum level, see [56] for a recent work that addresses some of these issues.
In that case another option could be pursued [10], namely to unitarily complete the
theory. For practical purposes this could mean a lift to a sector of string theory,
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though it is not obvious if and how this works in practice. While reasonable, this
option clearly goes against the original intention [83] to use pure three dimensional
gravity as a suitable quantum gravity toy model.
Prospects for AdS3/LCFT2 CCTMG could serve as a relatively simple gravity
dual to certain logarithmic CFTs. To the best of our knowledge this would be the
first explicit gravity dual of this type. Besides the AdS/LCFT literature [61–65] the
only other context where gravity and LCFTs appear together so far seems to be two-
dimensional gravity coupled to matter [86]. It would be nice to find some condensed
matter applications, like some strongly coupled systems described by a logarithmic
CFT with cL = 0, cR > 0. Many logarithmic CFT examples require negative central
charge, including the physically interesting examples of turbulence [87], the fractional
Quantum Hall effect at filling factor ν = 5/2 [88–90] or dense polymers [91]. It is
clear that these systems cannot be dual to CCTMG, though they may have other
gravity duals, including possibly CTMG with µℓ < 1 or New Massive Gravity. Some
logarithmic CFT systems have indeed vanishing central charge, like quenched random
magnets [92] or other critical systems with quenched disorder, dilute self-avoiding
polymers, percolation etc. [8, 9]. It would be of interest to check whether theses
systems, at least at strong coupling, allow for a dual description in terms of CCTMG.
We have gained now sufficient confidence in the AdS3/LCFT2 correspondence so that
we may start looking for applications.
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A. Boundary conditions
For generic solutions of the linearized EOM we summarize here various asymptotic
boundary conditions and regularity conditions at the origin. The full metric g =
gAdS + ψ is the sum of the global AdS background (2.12) and solutions ψ of the
linearized EOM (2.23). We assume in this appendix that the modes ψ are brought
into Gaussian normal coordinates (3.1). Modes that are asymptotically AdS3 must
have a Fefferman-Graham expansion (3.2). For the time being we assume that all
modes are regular at the origin.
Normalizable modes By definition these modes are not allowed to modify the
boundary metric γ
(0)
ij in the expansion (3.2). We neglect terms that fall off asymp-
totically (ρ → ∞) and find the following expansions for left, right and logarithmic
modes:
ψLij = γ
L (2)
ij + . . . (A.1)
ψRij = γ
R (2)
ij + . . . (A.2)
ψlogij = γ
(1)
ij ρ+ γ
log (2)
ij + . . . (A.3)
All normalizable modes are asymptotically AdS, including the bulk graviton encoded
in the logarithmic modes.
Non-normalizable modes Solutions to the linearized EOM (2.23) that are not
normalizable according to the criterion above are called “non-normalizable”. We
neglect terms that fall off asymptotically (ρ→∞) and find the following expansions
for left, right and logarithmic modes:
ψLij = γ
L (0)
ij e
2ρ + γ
L (2)
ij + . . . (A.4)
ψRij = γ
R (0)
ij e
2ρ + γ
R (2)
ij + . . . (A.5)
ψlogij = γ
(−1)
ij ρ e
2ρ + γ
log (0)
ij e
2ρ + γ
(1)
ij ρ+ γ
log (2)
ij + . . . (A.6)
The left and right non-normalizable modes are asymptotically AdS, while the loga-
rithmic non-normalizable modes are not asymptotically AdS.
Brown–Henneaux and beyond For completeness we mention that in 3-dimensional
Einstein gravity (but not in CCTMG) asymptotically AdS boundary conditions are
equivalent to Brown–Henneaux boundary conditions [72]
ψ ≃

ψuu = O(1) ψuv = O(1) ψuρ = O(e−2ρ)ψvv = O(1) ψvρ = O(e−2ρ)
ψρρ = O(e−2ρ)

 (A.7)
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In CCTMG these are replaced by slightly weaker conditions [14, 15]
ψ ≃

ψuu = O(ρ) ψuv = O(1) ψuρ = O(ρ e−2ρ)ψvv = O(1) ψvρ = O(e−2ρ)
ψρρ = O(e−2ρ)

 (A.8)
We stress again that the boundary conditions (A.8) are compatible with asymptotic
AdS behavior, cf. e.g. [58, 93].
Point particle modes In the body of the paper we consider exclusively modes
that are regular at the origin. For sake of completeness, but also because they can
be of relevance in other contexts, we address now particular singular modes. We call
them ‘point particle modes’ for reasons that will become apparent. The linearized
EOM (2.23) admit solutions ξ that are locally pure gauge and obey the Brown–
Henneaux boundary conditions (A.7), but which blow up at the origin ρ = 0. We
focus again first on the left modes. These modes have weights h ≤ 1, h¯ ≥ 0.
ξLµν(h, 0) = e
−ihu tanhhρ


1 0 2i
sinh (2ρ)
0 0 0
2i
sinh (2ρ)
0 − 4
sinh2(2ρ)


µν
(A.9a)
ξLµν(h, h¯) =
(
(L¯+)
h¯ξL(h, 0)
)
µν
(A.9b)
All modes ξL(h, h¯) are annihilated by DL and L¯−, transverse ∇µξµνL = 0 and traceless
ξµLµ = 0. The simplest of these modes χ
L = ξL(0, 0) depends only on the radial
coordinate ρ:
χLµν =


1 0 2i
sinh (2ρ)
0 0 0
2i
sinh (2ρ)
0 − 4
sinh2(2ρ)


µν
(A.10)
We see that some of the components of the mode (A.10) diverge for ρ → 0. Con-
sequently the perturbative gravitational energy given by the 00 component of the
pseudo tensor tµν obtained from (2.31) through
E =
∫
d2x
√−g t00 =
∫
d2x
√−g gµ0 δL
(3)
δgµ0
(A.11)
diverges.13 This divergence is an artifact of perturbation theory. Indeed these modes
correspond to infinitesimal point sources which in three dimensions cause a conical
singularity. This is not a small deformation of the metric.
In order to exhibit the relation of the modes χL to point particles in AdS we
consider the metric for a point particle with mass M and angular momentum J in
global AdS-coordinates
ds2 = dρ2 − cosh2ρ (r+ dτ − r− dφ)2 + sinh2ρ (r+ dφ− r− dτ)2 (A.12)
13We thank Wei Song for pointing this out to us.
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with
1−M = r2+ + r2− − J = 2r+r− (A.13)
Global AdS (2.12) is obtained for M = J = 0 while BTZ black holes would corre-
spond to M≥ 1. Let us now consider a perturbation g → g + 1
2
h of (A.12) around
M = J = 0 with small values of mass M≪ 1 and angular momentum J ≪ 1. In
(τ, φ, ρ)-coordinates such a perturbation is given by
hµν =

2M cosh
2ρ −J 0
−J −2M sinh2ρ 0
0 0 0


µν
(A.14)
The perturbation h in (A.14) is not in the transverse-traceless gauge (2.14). The trace
is non-zero, gµνhµν = −4M. Two components of the divergence vanish, ∇µhµτ =
∇µhµφ = 0, but we also have a non-vanishing component: ∇µhµρ = 4M coth (2ρ). We
can bring hµν into the transverse-traceless form (2.14) by means of an infinitesimal
diffeomorphism ξµ with (∇2 − 2) ξν = −∇µhµν . The solution to these conditions is
given by ξτ = ξφ = 0 and
ξρ =
M
2
(coth ρ+ tanh ρ) (A.15)
Applying ξµ to hµν we get h→ h˜ with
h˜µν =

M −J 0−J M 0
0 0 − 4M
sinh2(2ρ)


µν
(A.16)
In the (u, v, ρ)-coordinates (2.12) the perturbation h˜ becomes diagonal,
h˜µν =


1
2
(M−J ) 0 0
1
2
(M+ J ) 0
0 0 − 4M
sinh2(2ρ)


µν
(A.17)
=
1
2
(M−J ) Re(χL) + 1
2
(M+ J ) Re(χR) (A.18)
The quantity χL is given in (A.10), and χR is its right handed pendant, which is ob-
tained from χL by exchanging u↔ v. The result (A.18) then establishes the relation
between the singular modes (A.10) and localized point sources. Therefore, we call
these modes “point particle modes”. The ADM mass of these perturbations is finite
(in fact zero at linear order). This result is in agreement with the energy computed in
the Hamiltonian formalism. The divergence of the perturbative gravitational energy
(A.11) comes about because back-reaction has not been taken into account.
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Chiral boundary conditions With the overall sign of the action as in (1.1) black
holes in CCTMG have positive energy [6] and gravitons negative energy [10]. This is
problematic for the theory. It is suggestive, therefore, to truncate the theory, either
by eliminating negative energy gravitons or by reversing the sign of the action and
eliminating the now negative energy black holes. We discuss these two possibilities
in some detail and show at the linearized level that one can achieve either of them by
imposing suitable boundary conditions, which we call “chiral boundary conditions”.
We propose now boundary conditions on the fluctuation of the metric ψ that
eliminate ψL, ψlog and all their descendants.
ψ ≃

ψuu = m ψuv = O(1) ψuρ = O(e−2ρ)ψvv = O(1) ψvρ = O(e−2ρ)
ψρρ = O(e−2ρ)

 (A.19)
Here m is a fixed constant. The boundary conditions (A.19) are more restrictive
than the Brown–Henneaux boundary conditions (A.7) because ψuu = m cannot
vary. Consequently, the asymptotic symmetry group does not consist of two Virasoro
copies VirasoroL×VirasoroR, but is broken to U(1)L×VirasoroR. This can be shown
as usual, by considering the generators of diffeomorphisms ζµ that preserve the fall-off
behavior postulated in (A.19):
ζu = ζu0 + 2∂
2
vζ
v
0 (v) e
−2ρ +O(e−4ρ) (A.20a)
ζv = ζv0 (v) +O(e−4ρ) (A.20b)
ζρ = −1
2
∂vζ
v
0 (v) +O(e−2ρ) (A.20c)
The U(1)L is generated by the constant ζ
u
0 and the VirasoroR is generated by the
function ζv0 (v). All subleading terms are also independent of the light-cone coordinate
u because ∂uζ
µ = 0 is required to all orders in e−2ρ. It is also easy to see why (A.19)
eliminates ψL and ψlog but not the right-moving primary ψR. This is a consequence
of requiring m to be fixed. The descendants are obtained by acting (repeatedly)
with the remaining VirasoroR generators, L¯−n [72], on the primaries. The vanishing
uu-component of ψR changes under Lie-derivative along a vector field ζ as follows:
LζψRuu = 2ψRuµ ∂uζµ (A.21)
The vector fields associated with the generators L¯−n are all independent of the light-
like coordinate u. Therefore all descendants of ψR have a vanishing uu-component,
and we can generalize our conclusions to all descendants: the left and the logarithmic
sector are eliminated, while the right sector remains intact. Thus, at the linearized
level we do have a consistent chiral theory where all energies are positive.
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Essentially the same story is true for boundary conditions that eliminate only
the right moving sector.
ψ ≃

ψuu = O(ρ) ψuv = O(1) ψuρ = O(ρ e−2ρ)ψvv = m ψvρ = O(e−2ρ)
ψρρ = O(e−2ρ)

 (A.22)
The ensuing theory contains the left-moving boundary graviton ψL as well as the
logarithmic mode ψlog and their appropriate descendants. Comparison with the
Brown–Henneaux case (A.7) exhibits two differences: The component ψvv in (A.22)
is required to be fixed to some constant of order of unity, while in the Brown–
Henneaux case it is allowed to vary at order of unity. This restriction eliminates the
right-moving boundary graviton and its descendants, analog to the previous case. In
addition, the components ψuu, ψuρ are linearly divergent in ρ as compared to their
Brown–Henneaux counterpart. This generalization allows for the logarithmic mode
and its descendants. The asymptotic symmetry group is broken to U(1)R×VirasoroL.
The generators of diffeomorphisms ζµ that preserve the fall-off behavior postulated
in (A.22) are given by
ζu = ζu0 (u) +O(e−4ρ) (A.23a)
ζv = ζv0 + 2∂
2
uζ
u
0 (u)e
−2ρ +O(ρ e−4ρ) (A.23b)
ζρ = −1
2
∂uζ
u
0 (u) +O(e−2ρ) (A.23c)
where the subleading terms are such that the conditions ∂vζ
µ = 0 hold. With
reversed overall sign of the action as compared to (1.1) all modes have now non-
negative energy.
B. Some hypergeometric identities
Frequently we use the Euler transformation
2F1(a, b, c; z) = (1− z)c−a−b 2F1(c− a, c− b, c; z) (B.1)
Often we use relations between contiguous functions, for instance
(a− 1− (n− b)z) 2F1(a, b, n+ 1; z) + (n + 1− a) 2F1(a− 1, b, n+ 1; z)
= n(1− z) 2F1(a, b, n; z) (B.2)
Similar relations can be found in standard literature, like [94].
For integer values h¯ ≤ −1, h ≥ −1 we obtain from (3.25):
Fuv = a˜(x− 1)(h−h¯)/2(x+ 1)−(h+h¯)/2 2F1(−h¯, −h¯ + 1, −h¯ + 1 + h; 1− x
2
)
(B.3)
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The case h¯ = −1 is treated in detail in appendix C.1. For h¯ < −1 identities exist
that allow a simple expansion of the hypergeometric function appearing in (B.3) in
terms of elementary functions. For instance, if h¯ = −2 we obtain
2F1
(
2, 3, 3 + h;
1− x
2
)
= − 2
(x+ 1)3
(
2h(h+ 1)(x+ h) 2F1
(
1, 1, 3 + h;
1− x
2
)
− x(h2 + 3h+ 2)− 2h3 − 3h2 + h− 2
)
(B.4)
and
2F1
(
1, 1, 3 + h; z
)
=
(h+ 2)z
(z − 1)2
( h+2∑
k=2
(1− 1/z)k
h+ 3− k − (1− 1/z)
h+3 ln (1− z)
)
(B.5)
For other integer values of h¯ < −2 similar identities exist. For integer values h¯ ≤ −1,
h ≥ −1 we obtain from (3.24):
Fvv = a22
h+h¯ (x−1)(h−h¯)/2(x+1)−(h+h¯)/2 2F1
(−h¯−1, −h¯+2, h−h¯+1; 1− x
2
)
(B.6)
The case h¯ = −1 is treated in detail in appendix C.1. For h¯ < −1 identities exist
that allow a simple expansion of the hypergeometric function appearing in (B.3) in
terms of elementary functions. For instance, if h¯ = −2 we obtain
2F1
(
1, 4, 3 + h;
1− x
2
)
=
2
3(x+ 1)3
(
2h(1− h2) 2F1
(
1, 1, 3 + h,
1− x
2
)
+ x2(2 + h) + x(−h2 + h+ 6) + 2h3 + h2 − 4h+ 4
)
(B.7)
and can again use (B.5) to evaluate (B.7) in terms of elementary functions. For other
integer values of h¯ < −2 similar identities exist. These identities are consequences
of relations between contiguous functions.
If h = 0,±1 the hypergeometric function appearing in (3.24) for ε = 0 becomes
a (Jacobi) polynomial of degree −h − 1. If h¯ ≤ −2 and h ≥ 2 we can exploit the
following representation of the hypergeometric function:
2F1
(
h− 1, h+ 2, h+ 1− h¯; 1− x
2
)
=
(−1)−h¯+1(−2)h−1(h− h¯)!
(−2− h¯)!(1− h¯)!(h− 2)!(h+ 1)!
· d
h+1
dxh+1
(
(x+ 1)1−h¯
d−2−h¯
dx−2−h¯
( ln x+1
2
x− 1
))
(B.8)
This formula allows to express all regular non-normalizable left modes in terms of
elementary functions, except for the special cases discussed already. Trivially, we can
also express the hypergeometric function in (3.25) for ε = 0 as follows:
2F1
(− h¯, 1− h¯, −h¯ + h + 1; 1− x
2
)
=
(−1)h(−2)−h¯(h− h¯)!
(−1 − h¯)!(−h¯)!(h− 1)!h!
· d
−h¯
dx−h¯
(
(x+ 1)h
dh−1
dxh−1
( ln x+1
2
x− 1
))
(B.9)
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if h¯ ≤ −1 and h ≥ 1.
Checking regularity of modes requires an expansion around x = 1. This is
straightforward:
2F1
(
a, b, c;
1− x
2
)
= 1− ab
2c
(x− 1) +O(x− 1)2 (B.10)
Therefore, the regularity or singularity at the origin is entirely due to the behavior
of the polynomial pre-factors in (3.24) and (3.25).
Checking (non-)normalizability requires an asymptotic expansion. For the mas-
sive branch with h ≥ h¯ and non-integer values of the Chern–Simons coupling constant
µ we obtain
lim
x→∞
2F1
(
a, b, h− h¯+ 1; 1− x
2
) ∝ x−c c = min {a, b} (B.11)
For the left branch and integer weights h ≥ h¯ the hypergeometric function of interest
takes the form
lim
x→∞
2F1
(− h¯− 1, −h¯ + 2, h− h¯ + 1; 1− x
2
) ∝ xh¯+1 if h¯ ≤ 1 and h ≥ −1
(B.12)
lim
x→∞
2F1
(− h¯− 1, −h¯ + 2, h− h¯ + 1; 1− x
2
) ∝ xh¯−2 otherwise (B.13)
Thus, for h¯ ≥ 2 the left modes are normalizable, while for h¯ ≤ 1 they are non-
normalizable as long as h ≥ −1. However, the three cases h¯ = 0,±1 have to be
treated separately because the solutions of the second order differential equation
(3.22) are not necessarily compatible with the first order system (3.19a), (3.19b) for
these values of h¯ or with the algebraic system (3.18). The case h¯ = −1 is treated in
appendix C.1 and turns out to be consistent. We treat here the other two cases and
assume again h ≥ h¯. If h¯ = 0 then the first three algebraic conditions (3.18) (for
µ = 1) establish Fuv = 0 and h = 1. Thus, there is only one non-normalizable left
mode if h¯ = 0. This mode, however, has a singular ρρ component, so there are no
regular non-normalizable left modes if h¯ = 0. If h¯ = 1 then the first order equation
(3.19b) decouples and yields Fvv ∝ (x + 1)(h+1)/2(x − 1)(1−h)/2. The ensuing modes
are non-normalizable, but not regular at the origin in the vv component unless h = 1.
Thus, there is no regular non-normalizable left mode if h¯ = 1, unless h = 1. Suppose
that h > 1 and h¯ < −1 (otherwise we recover one of the special cases discussed
separately above). Then we can exploit the asymptotic expansions
2F1
(− h¯, −h¯ + 1, h− h¯ + 1; 1− x
2
)
=
(h− h¯)!
h!(−h¯)!
(x− 1
2
)h¯ (
1
+
2hh¯
x
(
ln
x
2
− ψ(h)− ψ(1− h¯) + 1− 2γ)+O(ln x/x2)) (B.14)
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and
2F1
(
h− 1, h+ 2, h− h¯ + 1; 1− x
2
)
=
2(h− h¯)!
(h+ 1)!(1− h¯)!
(x− 1
2
)1−h (
1
− (h− 1)(1− h¯)
x− 1 +
h(h− 1)(1− h¯)(−h¯)
(x− 1)2 −
2(1− h¯)(−h¯)(−h¯− 1)(h+ 1)h(h− 1)
3x3
· ( ln x
2
− ψ(h + 2)− ψ(−h¯− 1) + 11
6
− 2γ)+O(ln x/x4)) (B.15)
Here γ is the Euler–Mascheroni constant and ψ(z) = Γ′(z)/Γ(z) is the digamma-
function, with the asymptotic expansion for large weights
ψ(h) = ln h− 1
2h
+O(1/h2) (B.16)
In some considerations the limit for large weights is of interest. To obtain a
formula for hypergeometric functions in this limit we proceed as follows. We shift
h→ h+ λ, h¯→ h¯− λ and let λ→∞. The hypergeometric function in (3.24) leads
to the following limit
lim
λ→∞
2F1
(
λ+h+2, λ+h−1, 2λ+h− h¯+1; 1− x
2
)
= Ξ(λ, x)
(
1+O(1/λ)) (B.17)
The function Ξ(λ, x) was derived by Dr. Watson in 1918 [95]:
Ξ(λ, x) = f(x)
(x− 1
2
)−λ
λ−1/2
Γ(2λ+ h− h¯+ 1)
Γ(λ+ h− 1) Γ(λ+ 2− h¯)
(
1 +
4− 2√2(x+ 1)
x− 1
)λ
(B.18)
where f(x) is a known λ-independent function of x. The factor (x − 1)−λ cancels
with the polynomial pre-factors multiplying the hypergeometric function in (3.24).
The Γ-functions and powers of 2 cancel mostly with factors from the normalization
constant a2, see footnote 14 on p. 48. In the end a factor λ
5/2 remains, multiplied by
finite terms and by the last bracket in (B.18). A key observation is that in the range
of definition x ∈ [1,∞) the last bracket in (B.18) is always smaller than 1, and thus
goes to zero rapidly as λ tends to∞ so that the whole expression vanishes. The only
exception arises in the limit of large x, which has to be treated separately. This is
an explicit realization of the UV/IR connection [76]: the limit of large weights/small
distances (UV) on the CFT side implies the limit of large x (IR) on the gravity side.
If x scales like λ2+ε the function f(x) in (B.18) behaves as
lim
λ→∞
f(λ2+εx) ∝ λ−5(2+ε)/4 (B.19)
whereas the last bracket in (B.18) behaves as
lim
λ→∞
(
1 +
4− 2√2(λ2+εx+ 1)
λ2+εx− 1
)λ
=


1 if ε > 0,
0 if − 2 < ε < 0,
e−2
√
2/x if ε = 0
(B.20)
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C. Non-normalizable modes
C.1 Left and right branch
The right modes are obtained from the left modes by exchanging u↔ v and h↔ h¯
in all formulas below. The left modes are obtained as follows. We start from the
separation Ansatz
ψLµν = e
−ihu−ih¯v Fµν(ρ) (C.1)
and solve the EOM (3.18), (3.19) with µ = 1, assuming regularity at x = cosh (2ρ) =
1. Below we provide explicit results for the tensor Fµν .
Generic case We summarize here our results for generic regular non-normalizable
left modes with weights h ≥ 2 and h¯ ≤ −2.14
Fvv =
(−1)h−h¯(x− 1)(h−h¯)/2(x+ 1)(h+h¯)/2
2 (−2− h¯)! (h− 2)!
dh+1
dxh+1
(
(x+ 1)1−h¯
d−2−h¯
dx−2−h¯
( ln x+1
2
x− 1
))
(C.2a)
Fuv =
(−1)h−h¯(1− h2)(x− 1)(h−h¯)/2(x+ 1)−(h+h¯)/2
(−1− h¯)! (h− 1)!
d−h¯
dx−h¯
(
(x+ 1)h
dh−1
dxh−1
( ln x+1
2
x− 1
))
(C.2b)
Fuu =
h
h¯
Fuv (C.2c)
Fvρ =
2i√
x2 − 1
(
h¯Fuv − hFvv
)
(C.2d)
Fuρ =
2i
h
√
x2 − 1 dFuv
dx
(C.2e)
Fρρ =
4
x2 − 1
(
(2x− h
h¯
)Fuv − Fvv
)
(C.2f)
The results above follow from (B.8), (B.9) and (3.18).
Special case h = 1 Modes with weights h = 1 and h¯ ≤ −2 are given by:
Fvv = (x− 1)(1−h¯)/2(x+ 1)(1+h¯)/2 (C.3a)
Fuv = 0 (C.3b)
Fuu = 0 (C.3c)
Fvρ = −2i(x− 1)−h¯/2(x+ 1)h¯/2 (C.3d)
Fuρ = 0 (C.3e)
Fρρ = −4(x− 1)(−1−h¯)/2(x+ 1)−(1−h¯)/2 (C.3f)
14 We have chosen the overall normalization such that Fvv = x+O(1) asymptotically. This choice
leads to a2 = 2
−h(h+ 1)!(1− h¯)!/(h− h¯)! and a˜ = 2h¯(1− h2)h!(−h¯)!/(h− h¯)! in (3.24), (3.25).
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h: -1 0 1 2 3 4 5 6 7 8 9
a¯: -4 2 0 0 24 100 260 539 4872/5 8028/5 17316/7
Table 1: Values of the integration constant a¯ in (C.6g) for small weights h
Special case h = 0 Modes with weights h = 0 and h¯ ≤ −2 are given by:
Fvv = (x− h¯)(x− 1)−h¯/2(x+ 1)h¯/2 (C.4a)
Fuv = (x− 1)−h¯/2(x+ 1)h¯/2 (C.4b)
Fuu = 0 (C.4c)
Fvρ = 2ih¯ (x− 1)(−1−h¯)/2(x+ 1)−(1−h¯)/2 (C.4d)
Fuρ = −2i(x− 1)(−1−h¯)/2(x+ 1)−(1−h¯)/2 (C.4e)
Fρρ = 4(x+ h¯)(x− 1)−1−h¯/2(x+ 1)−1+h¯/2 (C.4f)
Special case h = −1 Modes with weights h = −1 and h¯ ≤ −2 are given by:
Fvv = (x
2 − 2h¯x+ 2h¯2 − 1)(x− 1)(−1−h¯)/2(x+ 1)−(1−h¯)/2 (C.5a)
Fuv = −4h¯(x− 1)(−1−h¯)/2(x+ 1)−(1−h¯)/2 (C.5b)
Fuu = 4(x− 1)(−1−h¯)/2(x+ 1)−(1−h¯)/2 (C.5c)
Fvρ = 2i (x
2 − 2h¯x− 2h¯2 − 1)(x− 1)−1−h¯/2(x+ 1)−1+h¯/2 (C.5d)
Fuρ = 8i (x+ h¯)(x− 1)−1−h¯/2(x+ 1)−1+h¯/2 (C.5e)
Fρρ = −4(x2 + 6h¯x+ 2h¯2 + 3)(x− 1)(−3−h¯)/2(x+ 1)−(3−h¯)/2 (C.5f)
Special case h¯ = −1 If h¯ = −1 the first order equations (3.19) decouple for ε = 0.
Solving the homogeneous first order equation for Fvv yields Fvv = (x− 1)(1+h)/2(x+
1)(1−h)/2. The first order equation (3.19a) determines Fuv in terms of elementary
functions. The integration constant is determined uniquely by the requirement of
regularity at x = 1. We obtain
Fvv = (x− 1)(1+h)/2(x+ 1)(1−h)/2 (C.6a)
Fuv = (x− 1)(1+h)/2(x+ 1)(1−h)/2H(x) (C.6b)
Fuu = −h (x− 1)(1+h)/2(x+ 1)(1−h)/2H(x) (C.6c)
Fvρ = −2i (x− 1)h/2(x+ 1)−h/2
(
H(x) + h
)
(C.6d)
Fuρ = 2i (x− 1)h/2(x+ 1)−h/2
(
(x+ h)H(x) + h2 − 1) (C.6e)
Fρρ = 4 (x− 1)(−1+h)/2(x+ 1)−(1+h)/2
(
(2x+ h)H(x)− 1) (C.6f)
The function H(x) is given by
H(x) = (1− h2)(x+ 1)h−1(x− 1)−h−1
(
x+ 1− 2h ln x+ 1
2
−
h∑
k=2
(
h
k
)
(−2)k
k − 1 (x+ 1)
1−k
)
− a¯ (x+ 1)h−1(x− 1)−h−1 (C.6g)
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with the integration constant a¯ determined uniquely from the requirement of regu-
larity at the origin.15
a¯ = 2(1− h2)
(
1−
h∑
k=2
(−1)kh!
k!(h− k)!(k − 1)
)
− 4 δh,−1 (C.6h)
See table 1 for small values of the weight h. Note that in the sums above we have the
usual convention that they evaluate to zero if h < 2. Near the origin the function
H(x) behaves like (1 − h)/2 +O(x− 1). Asymptotically we obtain limx→∞H(x) =
(1 + 2h)(1− h2)/x+O(lnx/x2).
Examples with h¯ = −1 For convenience some explicit examples are presented
below. All modes below have weight h¯ = −1.
h = −1:
Fvv = x+ 1 (C.7a)
Fuv =
4
x+ 1
(C.7b)
Fuu =
4
x+ 1
(C.7c)
Fvρ = 2i(x+ 3)
√
x− 1
(x+ 1)3
(C.7d)
Fuρ = 8i
√
x− 1
(x+ 1)3
(C.7e)
Fρρ = −4(x− 5)
(x+ 1)2
(C.7f)
h = 0:
Fvv =
√
x2 − 1 (C.8a)
Fuv =
√
x− 1
x+ 1
(C.8b)
Fuu = 0 (C.8c)
Fvρ = − 2i
x+ 1
(C.8d)
Fuρ = − 2i
x+ 1
(C.8e)
Fρρ = 4
√
x− 1
(x+ 1)3
(C.8f)
15The form of (C.6g) does not make it completely evident that all poles at x = 1 can be cancelled
by a single choice of parameter. However, it is clear that this must be possible since the alternative
form of H(x) in terms of a hypergeometric function, (3.25), manifestly is regular at x = 1 for h ≥ h¯.
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h = 1:
Fvv = x− 1 (C.9a)
Fuv = 0 (C.9b)
Fuu = 0 (C.9c)
Fvρ = −2i
√
x− 1
x+ 1
(C.9d)
Fuρ = 0 (C.9e)
Fρρ = − 4
x+ 1
(C.9f)
The mode h = 1, h¯ = −1 is of particular interest, because it has angular momentum
2 (“non-normalizable boundary graviton”), a property it shares with all primaries.
h = 2:
Fvv = (x− 1)
√
x− 1
x+ 1
(C.10a)
Fuv = −3
√
x+ 1
(x− 1)3 (x+ 1− 4 ln
x+ 1
2
− 4
x+ 1
) (C.10b)
Fuu = 6
√
x+ 1
(x− 1)3 (x+ 1− 4 ln
x+ 1
2
− 4
x+ 1
) (C.10c)
Fvρ = −
2i(7 + x2(−9 + 2x) + 12(1 + x) ln x+1
2
)
(x− 1)2(1 + x) (C.10d)
Fuρ =
6i(5 + (2− 7x)x+ 4(1 + x)(2 + x) ln x+1
2
)
(x− 1)2(1 + x) (C.10e)
Fρρ = 4
19 + 3x− 15x2 − 7x3 + 24(1 + x)2 ln x+1
2
(x− 1)5/2(x+ 1)3/2 (C.10f)
For h = 2 logarithmic (asymptotically subleading) terms appear in most of the
components. This is a generic feature of all modes with h ≥ 2. It is worthwhile
emphasizing that all these modes are regular at x = 1, despite of the appearance of
1/(x − 1) factors in various components (e.g. the factor 1/(x − 1)5/2 in Fρρ above).
Using the algebraic relations (3.31) we can generate all regular non-normalizable left
modes from the (2,−1) mode above.
C.2 Logarithmic branch
The logarithmic modes
ψlogµν = i(u+ v)ψ
L
µν − F logµν e−ihu−ih¯v (C.11)
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are specified uniquely — up to addition of left modes and overall rescalings — by pro-
viding the tensor F logµν . Once the components F
log
vv and F
log
uv are known the remaining
ones follow algebraically from the relations (3.34). The components F logvv and F
log
uv are
determined from solutions of linear ordinary first order differential equations (3.35).
Generic modes Using the algebraic relations (3.43) we can generate all regular
non-normalizable logarithmic modes from the (2,−1) mode, see (C.22) below. We
do not list generic modes explicitly.
Special case h¯ = −1 We assume here h¯ = −1 after taking the limit in (3.33). In
order to evaluate (3.33) we start with the massive branch solution (3.10)-(3.25) and
assume that ε is small and positive. In addition we vary the weights with ε, so that
the following two conditions hold
h¯ = −1 + ε (C.12)
h− h¯ = n n ∈ N (C.13)
The first condition ensures that we have the same periodicity properties as for cor-
responding normalizable massive modes (see (47) in [6]).16 It implies that the differ-
ential equations decouple for any ε, so that we obtain a first order equation for Fvv.
The second condition is necessary since we want to keep periodicity in the angle φ
at each step, which requires the difference h − h¯ to be an integer. The assumption
h ≥ h¯ implies that n is a natural number. The attribute “non-normalizable” refers
to growth faster than asymptotically AdS, i.e., the modes ψ are not compatible with
the Fefferman–Graham expansion (3.2) but violate it logarithmically, see (A.6). As
explained in [17] this is the expected behavior for the source terms of the operators
associated with the logarithmic modes.
We obtain the following expression for the massive mode:
ψεµν = −e−i(n−1+ε)u+i(1−ε)v (x− 1)n/2 (x+ 1)1−n/2−εHεµν(x) (C.14a)
where
Hεvv = 1 (C.14b)
Hεuv = H
ε(x) (C.14c)
Hεuu = −βHε(x) + εn(n− 2) +O(ε2) (C.14d)
Hεvρ = −
2i√
x2 − 1
(
Hε(x) + n− 1 + εn+O(ε2)) (C.14e)
Hεuρ =
2i√
x2 − 1
(
(x+ β)Hε(x) + n(n− 2) + 2εn(n− 1) +O(ε2)) (C.14f)
Hερρ =
4
x2 − 1
(
(2x+ β)Hε(x)− 1− εn(n− 2) +O(ε2)) (C.14g)
16Unlike normalizable ones there exist non-normalizable solutions with h, h¯ independent from ε.
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with β = n− 1− ε(x− 1) and
Hε(x) =
1− n/2− ε
1− ε 2F1
(
1, 2(1− ε), n+ 1; 1− x
2
)
(C.14h)
In the limit ε→ 0 the function Hε(x) approaches the function H(x) given in (C.6g),
while the parameter β approaches h = n− 1. Consequently, the solution (C.14a) up
to normalization coincides with the non-normalizable regular left modes (C.6) with
weights h¯ = −1 and h = n− 1.
The regular non-normalizable logarithmic modes are determined from (C.14a)-
(C.14h) using the definition (3.33). Our final result is
ψlogµν (h = n− 1, h¯ = −1) =
(
i(u+ v) + ln
x+ 1
2
)
ψLµν
− e−i(n−1)u+iv (x− 1)n/2 (x+ 1)1−n/2 dH
ε
µν
dε
∣∣∣
ε=0
(C.15)
where ψLµν are the regular non-normalizable left modes with weights h = n − 1,
h¯ = −1 given in (C.6). One can add to ψlog a regular non-normalizable left moving
mode with the same weights without changing anything essential. We fix this shift
ambiguity in a convenient way in (C.15), but in the body of the paper we freely add
or subtract such left moving modes to simplify some expressions. This is related to
a well-known ambiguity in LCFTs. The first line of our solution for the logarithmic
modes (C.15) coincides with the relation between normalizable logarithmic and left
modes (see Eqs. (3.1), (3.2) in [10]). The second line contains the function Hε(x)
(C.14h) to next to leading order in ε. In order to obtain Hε(x) for arbitrary n we
use a relation between contiguous functions (B.2) and exploit 2F1(0, b, n; z) = 1 to
establish a recursion relation
2F1
(
1, 2(1− ε), n + 1; 1− x
2
)
=
2n
(1− x)(n− 2(1− ε))
(
1− x+ 1
2
2F1
(
1, 2(1− ε), n; 1− x
2
))
(C.16)
Thus, we need to evaluate by hand only the starting point n = 1, which is very
simple:
2F1
(
1, 2(1− ε), 1; 1− x
2
)
=
(x+ 1
2
)−2(1−ε)
(C.17)
Higher values of n are then obtained recursively from (C.16). From our result for
regular non-normalizable logarithmic modes (C.15) we obtain
L0ψ
log = (n− 1)ψlog − ψL L¯0ψlog = −ψlog − ψL (C.18)
This result essentially coincides with the result (3.16) for normalizable modes for
h = n− 1, h¯ = −1. See also the algebraic relations (3.43).
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Examples with h¯ = −1 For convenience some explicit examples are presented
below. All modes below have weight h¯ = −1.
h = −1:
F logvv = −(x+ 1) ln
x+ 1
2
(C.19a)
F loguv =
4 ln x+1
2
x+ 1
(C.19b)
F loguu =
4
(
x+ ln x+1
2
− 1)
x+ 1
(C.19c)
F logvρ = −
2i
(
x2 + 2x+ 5
)
ln x+1
2
(x+ 1)
√
x2 − 1 (C.19d)
F loguρ =
8i(x− 1)( ln x+1
2
− 1)
(x+ 1)
√
x2 − 1 (C.19e)
F logρρ =
4
(
(x2 + 10x− 3) ln x+1
2
− 4(x− 1))
(x+ 1)2(x− 1) (C.19f)
h = 0:
F logvv = −
√
x2 − 1 ln x+ 1
2
(C.20a)
F loguv =
−(x+ 3) ln x+1
2
+ x− 1√
x2 − 1 (C.20b)
F loguu = −2
√
x2 − 1
x+ 1
(C.20c)
F logvρ = 2i
(x+ 3) ln x+1
2
− x2 − x+ 2
x2 − 1 (C.20d)
F loguρ = −2i
(3x+ 1) ln x+1
2
− x+ 1
x2 − 1 (C.20e)
F logρρ = 4
−(x2 + 6x+ 1) ln x+1
2
+ 2(x2 − 1)
(x2 − 1)3/2 (C.20f)
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h = 1:
F logvv = −(x− 1) ln
x+ 1
2
(C.21a)
F loguv = −4
x− 2 ln x+1
2
− 1
x− 1 (C.21b)
F loguu = 4
x− 2 ln x+1
2
− 1
x− 1 (C.21c)
F logvρ = 2i
(x2 − 2x− 7) ln x+1
2
− 2(x− 1)(x− 3)
(x− 1)√x2 − 1 (C.21d)
F loguρ = 16i
(x+ 1) ln x+1
2
− x+ 1
(x− 1)√x2 − 1 (C.21e)
F logρρ = 4
(x2 + 14x+ 9) ln x+1
2
− 8x2 + 4x+ 4
(x− 1)2(x+ 1) (C.21f)
h = 2:
F logvv = −
(x− 1)3/2 ln x+1
2√
x+ 1
(C.22a)
F loguv =
2(x+ 1) ln2 x+1
2
− 3(x2 + 14x+ 9) ln x+1
2
(x− 1)√x2 − 1 +
2(7x+ 11)√
x2 − 1 (C.22b)
F loguu =
−4(x+ 1) ln2 x+1
2
+ 2(7x2 + 42x+ 23) ln x+1
2
(x− 1)√x2 − 1 +
x2 − 38x− 35√
x2 − 1 (C.22c)
F logvρ = −2i
2(x+ 1) ln2 x+1
2
− (2x+ 1)(x2 − 2x+ 25) ln x+1
2
(x− 1)2(x+ 1) −
2i(3x2 + 8x+ 25)
x2 − 1
(C.22d)
F loguρ = 2i
2(x+ 1)(x+ 2) ln2 x+1
2
− (6x3 + 47x2 + 120x+ 43) ln x+1
2
(x− 1)2(x+ 1)
+
4i(14x2 + 15x+ 25)
x2 − 1 (C.22e)
F logρρ = 4
4(x+ 1)2 ln2 x+1
2
− (5x3 + 101x2 + 135x+ 47) ln x+1
2
(x− 1)5/2(x+ 1)3/2 +
4(27x2 + 82x+ 35)
(x2 − 1)3/2
(C.22f)
For h = 2 squared logarithmic (asymptotically subleading) terms appear in most of
the components. This is a generic feature of all modes with h ≥ 2. It is worthwhile
emphasizing that all these modes are regular at x = 1, despite of the appearance of
1/(x− 1) factors in various components (e.g. the factor 1/(x− 1)5/2 in F logρρ above).
Using the algebraic relations (3.43) we can generate all regular non-normalizable
logarithmic modes from the (2,−1) mode above.
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D. Correlation functions in Euclidean logarithmic CFT
LCFTs arise if there are fields with degenerate scaling dimensions having a Jordan
block structure like in (1.5). In any LCFT one of these degenerate fields becomes a
zero norm state coupled to a logarithmic partner [80]. For our purposes the following
consideration is sufficient. Suppose the operators OL and Olog form a logarithmic
pair with conformal weights (2, 0), where OL corresponds to the zero norm state.
Suppose that we have an additional operator OR with conformal weights (0, 2) that
commutes with OL and Olog. With a standard normalization for Olog and keeping
only the most singular pieces in the coincidence limit the correlators between these
operators take the form [7–9, 80]
〈OR(z, z¯)OR(0, 0)〉 = cR
2z¯4
(D.1a)
〈OL(z, z¯)OL(0, 0)〉 = 0 (D.1b)
〈OL(z, z¯)OR(0, 0)〉 = 0 (D.1c)
〈OR(z, z¯)Olog(0, 0)〉 = 0 (D.1d)
〈OL(z, z¯)Olog(0, 0)〉 = b
2z4
(D.1e)
〈Olog(z, z¯)Olog(0, 0)〉 = −b ln (m
2|z|2)
z4
(D.1f)
The scale m is arbitrary and has no significance. It can be changed by a shift
Olog → Olog+γOL. Without loss of generality we setm = 1. The right central charge
cR and the “new anomaly” b have a significant meaning and define key properties of
the LCFT. The left central charge cL is assumed to vanish.
The 3-point correlators without logarithmic insertions are given by [66]
〈OR(z, z¯)OR(z′, z¯′)OR(0, 0)〉 = cR
z¯2z¯′ 2(z¯ − z¯′)2 (D.2a)
〈OL(z, z¯)OR(z′, z¯′)OR(0, 0)〉 = 0 (D.2b)
〈OL(z, z¯)OL(z′, z¯′)OR(0, 0)〉 = 0 (D.2c)
〈OL(z, z¯)OL(z′, z¯′)OL(0, 0)〉 = 0 (D.2d)
The 3-point correlators with one logarithmic insertion are given by [75]
〈OR(z, z¯)OR(z′, z¯′)Olog(0, 0)〉 = 0 (D.3a)
〈OL(z, z¯)OL(z′, z¯′)Olog(0, 0)〉 = b
z2z′2(z − z′)2 (D.3b)
〈OL(z, z¯)OR(z′, z¯′)Olog(0, 0)〉 = 0 (D.3c)
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The 3-point correlators with at least two logarithmic insertion are given by [75]
〈OR(z, z¯)Olog(z′, z¯′)Olog(0, 0)〉 = 0 (D.4a)
〈OL(z, z¯)Olog(z′, z¯′)Olog(0, 0)〉 = − 2b ln |z
′|2 + b
2
z2z′2(z − z′)2 (D.4b)
〈Olog(z, z¯)Olog(z′, z¯′)Olog(0, 0)〉 = lengthy
z2z′2(z − z′)2 (D.4c)
Again we have kept only the contributions that are most singular in the coincidence
limit.
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